
An Empirical Study of Tabu Search for the MOKP

Vincent Barichard and Jin-Kao Hao
LERIA - Faculty of Sciences - University of Angers

2 Boulevard Lavoisier
49045 Angers Cedex 01 FRANCE

email:{Vincent.Barichard, Jin-Kao.Hao}@info.univ-angers.fr

Abstract : Three Tabu Search algorithms are presented for
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lem. Experiments are carried out to study the role of dif-
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1 Introduction

Given a set of items (or objects), each one being associ-
ated with a vector of profits and weights, the 0-1 multi-
dimensional multi-objective knapsack problem (MOKP)
consists in selecting a subset of items in order to maximize
a multi-objective function while satisfying a set of knapsack
constraints. More formally, the MOKP can be stated as fol-
lows:
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wheren is the number of items,xi is a decision variable
o the number of objectives,zj is thejth component of the
multi-objective functionz, andm the number of knapsack
constraints of the problem. MOKP is one of the most studied
problems in the area of multi-objective combinatorial opti-
mization.

Just like the NP-hard 0-1 single multi-dimensional knap-
sack problem MKP, the MOKP may be used to formulate
many practical problems such as capital budgeting and re-
source allocation. For resolution purpose, several heuristic
algorithms have been developed. We may mention neigh-
borhood algorithms such as simulated annealing [14, 16] and
Tabu Search (TS) [5], population based evolutionary algo-
rithms such as “vector evaluated genetic algorithm” (VEGA)
[12], “non-dominated sorting genetic algorithm” (NSGA)
[15], “strength Pareto evolutionary algorithm” (SPEA) [18]
and “memetic Pareto archived evolution strategy algorithm”

(M-PAES) [2]. Very recently, hybrid algorithms combining
genetic search and local search as “multiple objective ge-
netic local search” (MOGLS) [9] were also proposed.

Previous studies tend to show some advantages of pop-
ulation based evolutionary algorithms (EA) over neighbor-
hood algorithms in the context of multi-objective combi-
natorial optimization. Indeed, given that solving a multi-
objective problem requires finding aset of tradeoff solutions
(the Pareto or near Pareto front), the concept of population
used by EAs is naturally quite appearing. In such a situation,
it is clear that diversification plays an important role for an
efficiency search.

In this paper, we show that neighborhoodalgorithms with-
out using a population is also able to effectively find trade-
off solutions. We demonstrate experimentally that the key
to achieve such an effectiveness is to incorporate a carefully
guided diversification technique. To illustrate the point,we
present three Tabu Search algorithms for the MOKP. The
first algorithm (calledTS) is a basic TS algorithm where di-
versification is ensured only by the tabu list. The second al-
gorithm (TS+RW ) integrates a random-walk mechanism to
diversify the search. The last algorithm (TS+HW ) uses an
original measure to monitor the diversity evolution of some
previously visited solutions. According to the measured de-
gree of diversity, the algorithm decides whether it continues
its search in the current direction (intensification) or goes to
another search area (diversification).

To assess the effectiveness of these diversification tech-
niques, we carry out experiments using some well-known
MOKP benchmark instances. Also we compare our best TS
algorithm with two state of the art hybrid evolutionary algo-
rithms, we show that even if the TS algorithm operates with
a single solution during its search, it may compete favorably
in some cases with these population based evolutionary al-
gorithms.

The paper is organized as follows: in the next section, we
introduce the general principles of our TS algorithms. Ex-
perimental study as well as comparisons ofTS, TS+RW and
TS+HW are the subjects of the section 3. Then we compare
the best Tabu algorithm with two state-of-the-art algorithms.
Last section gives some conclusions and perspectives.



2 Tabu algorithms

Brief review of Tabu Search

Tabu Search is an advanced neighborhood search method
with a set of critical and complementary components [6].
For a given instance of an optimization problem character-
ized by a search spaceS and a cost functionf , a function
N : S → 2S is first introduced to determine a neighbor-
hood. A typical TS algorithm begins then with an initial
configurationx in S and then proceeds iteratively to visit a
series of locally best configurations following the neighbor-
hood function. At each iteration, abestneighborx′ ∈ N(x)
is sought to replace the current configuration even ifx′ does
not improve the current configuration in terms of the cost
function. To avoid the problem of possible cycling and to
allow the search to go beyond local optima, TS introduces
the notion ofTabu List, one of the most important compo-
nents of the method.

A tabu list is a special shot term memory that maintains
a selective historyH , composed of previously encountered
solutions or more generally pertinent attributes of such solu-
tions. A simple TS strategy based on this short term memory
H consists in preventing solutions ofH from being recon-
sidered for nextk iterations (k, called tabu tenure, is problem
dependent).

When attributes of solutions instead of solutions are
recorded in tabu list, some non-visited, yet interesting so-
lutions may be prevented from being considered.Aspiration
criteria may be used to overcome this problem. One widely
used aspiration criterion consists of removing a tabu classifi-
cation from a move when the move leads to a solution better
than the best obtained so far.

An efficient TS algorithm must establish a good compro-
mise between exploration and exploitation during its search.
This is ensured by mechanisms called “diversification and
intensification”. We show below diversification is particu-
larly important for multi-objective optimization.

The common features of our Tabu algorithms

Now, we introduce the common features used by the three
Tabu algorithms.

Search space. A configuration is any binary vectorx =
(x1, x2, ..., xn) verifying all the knapsack constraints,i.e.
∀l ∈ {1, ..., m},

∑n

i=1 wl
ixi ≤ bl. The search spaceS

is then composed of all such vectors,i.e. S = {x ∈
{0, 1}n|

∑n

i=1 wl
ixi ≤ bl, l = 1, ..., m}.

Neighborhood. The neighborhoodN of our problem is
defined as follows. Givenx, x′ ∈ S, x and x′ are
neighboring (x′ ∈ N(x)) if they differ by the value
of a single variable. More formally,N(x) = {x′ ∈
S|hammingdistance(x, x′) = 1}. Therefore, one can get
a neighboring configurationx′ by adding or dropping one
item (xi : 0 → 1 or 1 → 0) from x such thatx′ remains
feasible. The move fromx to x′ is then characterized by an
integeri, the index of the flipped variablexi. This index is
called the attribute of the move.

Evaluation of the neighborhood. The evaluation of the
neighborhood is based on the so-called weighted Tcheby-
cheff approach [10, 4, 3]1. Formally, given x =
(x1, x2, ..., xn) ∈ S andx′ = (x′

1, x
′

2, ..., x
′

n) ∈ N(x), the
evaluation ofx′ is defined by the following function:

eval(x, x′) = min
j

λj(z
j(x′)− zj(x))

where

• zj(x′) =
∑n

i=1 c
j
i × x′

i, the value of thejth objective of
x′ ;

• λj , a component of the vectorλ ∈ [0, 1]o, where
(
∑o

j=1 λj) = 1. The vectorλ corresponds to a direc-
tion in the objectives space, and allows a diversification
of the search.

Choice of the best neighbor. Let x the current configu-
ration of the algorithm, the neighboring configurationm to
replacex is determined thanks to the following equation:
eval(x, m) = maxx′∈N(x) eval(x, x′). If several config-
urations verify the equation, the algorithm will randomly
choose one of them.

Management of the Tabu list. Each time a move is car-
ried out to go fromx to x′, the index of the flipped variable
is recorded in the tabu list. Therefore, the reverse move is
forbidden for nextk iterations of the algorithm. To imple-
ment the tabu list, we use ann arrayT . Each time an index
is added to the tabu list, the corresponding element ofT is
set to the current iteration number plus tabu tenurek. At any
moment, it is easy to verify if a given move is tabu or not
by simply comparing the current iteration number with that
recorded in the tabu arrayT .

The Aspiration criterion. The above tabu mechanism is
sufficient to prevent the algorithm from being trapped in
short-term cycling. At the same time, such a mechanism
may forbid configurations that are not yet visited. To over-
come this problem, a standard and simple aspiration crite-
rion is introduced. A tabu move is chosen if the move leads
to a configuration whose evaluation is better than that of the
best configuration found so far by the algorithm.

Characteristics of the three Tabu algorithms

Now we may introduce our three Tabu algorithms: the ba-
sic tabu algorithm (TS), the random walk tabu algorithm
(TS+RW ) and the tabu algorithm based on hamming distance
(TS+HW ).

The basic algorithmTS. The basic tabu algorithmTS re-
sults directly from the outline presented in section 2 (see
algorithm 1). The diversification is ensured only by the tabu
list.

The random walk tabu algorithm TS+RW. The principle
of random walk (RW) is well-known in the literature and

1Two other popular approaches are based on aggregation [1]
and ranking [7].



In: a feasible configurationxinit, the number of itera-
tionsL

Out: a new feasible configurationx
x← xinit

for i = 0 to L do
choose the best authorized movem
update the tabu list withm
perform the chosen movem in x
update the set of non-dominate configurations withx

end for

Algorithm 1: The basic Tabu search algorithmTS.

used in some famous algorithms such asWSAT [13]. Ran-
dom walk consists in making from time to time a random
movement that is no more guided by the evaluation function.
RW constitutes a kind of diversification. Integrating RW into
the basic TS algorithm gives us a diversifyingTS+RW algo-
rithm.

At each iteration of theTS+RW algorithm, a realrw ∈
[0, 1] is randomly chosen. Letq ∈ [0, 1] be a given thresh-
old value, if rw > q, then the algorithm does a classical
movement (see section 2), else the algorithm does a random
and feasible movement. So, theTS+RW algorithm may be
described as follows:

In: a feasible configurationxinit, the number of itera-
tionsL, the random thresholdq

Out: a new feasible configurationx
x← xinit

for i = 0 to L do
generate a random valuerw ∈ [0, 1]
if random valuerw < q then

choose a random authorized movem
else

choose the best authorized movem
end if
update the tabu list withm
perform the chosen movem in x
update the set of non-dominate configurations withx

end for

Algorithm 2: The random-walk Tabu algorithmTS+RW.

So settingq to 0 leads to the basicTS algorithm while
settingq to 1 gives us a random search algorithm.

The Hamming distance based tabu algorithmTS+HW.
Our third and last Tabu algorithm is based on an original
and more rational diversification technique (with regard to
TS+RW ). The basic idea consists in supervising the evolu-
tion of the diversity of some recently visited configurations.
If the diversity drops below some threshold, a diversification
phase is executed.

The diversity of the configurations is calculated using
Hamming Distance. To apply the basic idea, one needs a
way of calculating efficiently and incrementally the ham-
ming distance for the given configurations. The dedicated
formula and an incremental technique are described at ap-

pendix A.
So at each iteration of theTS+HW algorithm, the diversity

of the l last visited configurations (l is fixed empirically) is
calculated. If the value of the diversity is lower than a given
threshold valued, then the algorithm changes its behavior
and starts a diversification phase. Different ways are pos-
sible for the diversification phase. In this paper, we just
increase the Tabu tenure of some highly repeated moves.
Then, the search restarts from a deteriorated configuration
(for example, the configuration whose variables are set to0).
TheTS+HW algorithm is then described as follows :

In: a feasible configurationxinit, the number of itera-
tionsL, the diversity thresholdd

Out: a new feasible configurationx
x← xinit

for i = 0 to L do
if diversity level< d then

increase tabu tenure for the most frequent moves
done during the last intensification phase
x← configuration-zero

end if
choose the best authorized movem
update the tabu list withm
perform the chosen movem in x
update the set of non-dominate configurations withx

end for

Algorithm 3: The Hamming distance based Tabu algorithm
TS+HW.

3 Experimental study of the role of diversity

In this section, we carried out experimental studies of the
three tabu algorithms to highlight the importance of diversi-
fication in the context of multi-criteria optimization.

Test data

The experiments are based on three of the nine instances that
were used in [20]. These instances have 2 objectives, with
respectively 250, 500 and 750 items. Moreover, for each
instance, the number of constraints is equal to2. The in-
stances were generated randomly with uncorrelated profits
and weights, and the capacities of the knapsack constraints
were set to be half of the total weight regarding the corre-
sponding constraint. As a result, half of the items are ex-
pected to be in the optimal solutions.

Performance measures

In order to evaluate the results (the trade-off front) produced
by the different algorithms, we use two measures which are
scaling-independent with regard to each objective criterion:
The size of the dominated space (S) andthe coverage of two
sets (C) [19].



Instance Method
Number of Number of Tabu List size Number of iterations
objectives items (all algorithms) (all algorithms)

250 19 100 000
2 500 21 200 000

750 23 400 000

Table 1: Parameters settings for different algorithms and in-
stances.

Definition 1 The size of the dominated space (S). LetA =
(x1, x2, ..., xl) ⊆ X be a set ofl decision vectors. The func-
tion S gives the volume enclosed by the union of the poly-
topesp1, p2, ..., pl, where eachpi is formed by the intersec-
tions of the following hyper-planes arising out ofxi, along
with the axes: for each axis in the objective space, there
exists a hyper-plane perpendicular to the axis and passing
through the point(f1(xi), f2(xi), ..., fk(xi)). In the two-
dimensional case, eachpi represents a rectangle defined by
the points(0, 0) and(f1(xi), f2(xi)).

This measure cannot be used to compare two sets rela-
tively to each other. In order to determine the dominance
ratio between two sets, we apply a second measure.

Definition 2 The coverage of two sets (C). Let A, B ⊆ X
be two sets of decision vectors. The functionC maps the
ordered pair(A, B) to the interval[0, 1]:

C(A, B) :=
|{b ∈ B | ∃ a ∈ A : a ≥ b}|

|B|

The valueC(A, B) = 1 means that all decision vectors in
B are weakly dominated byA. The opposite,C(A, B) = 0,
represents the situation when none of the points inB are
weakly dominated byA.

Experimental settings

The TS algorithms are programmed in CAML and compiled
using OCAML. In order to get fair comparisons, the most
important data structures are shared by the three studied al-
gorithms.

In our experimentation, the following empirical settings
are used:

• for TS+RW, the threshold value for random walkq is set
to 0.15 ;

• for TS+HW, the threshold value for diversity level valued
is set to0.15.

Table 1 summarizes the settings of the other main param-
eters used byTS, TS+RW andTS+HW. Table 2 shows, for
each of the three compared algorithms and for each problem
instance, the computing time obtained from the above pa-
rameter settings2. Each problem instance is solved ten times
with each algorithm.

2Timing is based on binary codes generated by the compiler
OCAML and a PC running Linux (Bi-Pentium III 1 Ghz).

Number of Number of TS TS+RW TS+HW
Objectives Items

250 27 24.86 37.96
2 500 113.32 105.58 151.88

750 336.26 304.96 456.67

Table 2: Average running times given to each algorithm
(seconds).

Number of Number of TS TS+RW TS+HW
Objectives Items

250 8.97e+7 9.02e+7 9.84e+7
2 500 3.72e+8 3.74e+8 4.06e+8

750 7.96e+8 8.04e+8 8.88e+8

Table 3: Average of the size of the dominated spaceS.

Comparisons

In this subsection, we present experimental results of the
three Tabu search algorithms. Results shown below for each
instance represent average ones from ten independent runs.

Table 3 shows the results for theS measure (size of the
dominated space). From the table, one observes first that
both TS+HW and TS+RW give significantly better results
(largerS values) thanTS for all the instances. By comparing
TS+HW andTS+RW, one observes thatTS+HW outperforms
TS+RW for all the instances with a better gap than between
TS andTS+RW. One may also notice the remarkable results
of theTS+HW on the two largest instances.

Following [20], figure 1 summarizes the results on theC
measure (set coverage). On this figure, each small black bar
represents the results of theC measure between two meth-
ods, for each problem instance. Two values are represented:
the gap between the max and min values encountered dur-
ing the ten runs, and the average of theC measure on all the
runs.

It is observed that once again the results ofTS are infe-
rior to those ofTS+RW andTS+HW for all the instances.
By comparingTS+RW andTS+HW, we observe that the re-
sults are in favor ofTS+HW for all the instances. Indeed,
the values obtained byC(TS+RW ,TS+HW) are smaller than
the values obtained byC(TS+HW ,TS+RW). We notice that
on the hardest instances (500 and 750 items) the factor rate
between the results is greater than10.

Figure 2 shows the set of non dominated points discov-
ered by each algorithm. We can notice that the performance
hierarchy observed above is respected here. Thus,TS curve
is the more restricted on the three instances. The curve of
TS+RW method is at the second place, it is a little bit more
extended thanTS one. The curve obtained byTS+HW is
clearly much better than that ofTS andTS+RW. Some ar-
eas, where the curves are superimposed, are more difficult
to study. In these areas, the algorithms get some compara-
ble results. Finally, it is noticed that the more the instance
becomes large and hard, the more the behavior ofTS+HW is
good compared withTS andTS+RW.
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Figure 2: Non dominated points of the objective space.



TS

TS+RW

TS+HW

Figure 1: Results of the comparison ofTS, TS+RW and
TS+HW with C measure. Each chart contains three box plots
representing the distribution ofC values for a certain ordered
pair of algorithms; the three box plots from left to right relate
to 250, 500 and 750 items. The scale is0 at the bottom and1
at the top of each chart. Furthermore, each rectangle refers
to algorithmA associated with the corresponding row and
algorithmB associated with the corresponding column and
gives the fraction ofB weakly dominated byA : C(A, B).

Discussions

The results show that theTS+HW algorithm performs bet-
ter thanTS+RW andTS. When we increase the number of
iterations forTS+RW andTS, the quality of the results im-
proves but the area covered by both algorithms is always
smaller than that covered byTS+HW. TheTS+HW algorithm
explores better the objectives space.

Therefore, diversification based on tabu list alone or com-
bined with random walk is not sufficient for an efficient
search. On the contrary, the diversification based on ham-
ming distance and used byTS+HW is a much more effective
mechanism. This mechanism allows the algorithm to diver-
sify the search when it is needed and helps to adjust the tabu
tenure in a dynamic and adaptive way.

4 Comparisons with other well-known algo-
rithms

In this section, we compare the best Tabu algorithm,i.e.
TS+HW, with SPEA [20] andMOGLS [9], two well-known
evolutionary algorithms for the MOKP. To our knowledge,
MOGLS is the algorithm that gets the best results on the
tested instances (see [8]).

Number of Number of SPEA MOGLS TS+HW
Objectives Items

250 7.48 23.41 18.50
2 500 25.66 48.64 43.95

750 56.16 82.33 71.87

Table 5: Average running times given to each algorithm
(seconds).

Number of Number of SPEA MOGLS TS+HW
Objectives Items

250 9.40e+7 9.86e+7 9.84e+7
2 500 3.82e+8 4.07e+8 4.05e+8

750 8.06e+8 8.92e+8 8.77e+8

Table 6: Average of the size of the dominated spaceS.

Experimental settings

Like TS+HW, the SPEA and MOGLS algorithms are pro-
grammed in CAML and compiled using OCAML. Once
again, the most important data structures are shared by the
three algorithms. This provides us a solid basis for a fair
comparison between these algorithms.

In our experimentation, the following settings are used:

• for TS+HW, the threshold value for diversity thresholdd
is set to0.15;

• for SPEA, we set the mutation rate to0.2, and the cluster-
ing level to15000, according to [20] and [8];

• the population sizes forSPEA andMOGLS were set ac-
cording to the number of items and the number of objec-
tives of the instance, but the same size is used for the three
algorithms for a given instance (see table 4).

Table 4 summarizes the settings of the main parameters
used byTS, SPEA andMOGLS. Table 5 shows, for each
of the three compared algorithms and for each problem in-
stance, the computing time obtained from the above param-
eter settings. Each problem instance is solved ten times with
each algorithm.

Comparisons ofTS+HW, SPEA and MOGLS

Table 6 shows the averaged results for theS measure (size
of the dominated space). From the table, one observes first
that bothTS+HW andMOGLS give significantly better results
(largerS values) thanSPEA for all the instances. By com-
paringTS+HW andMOGLS, one observes thatMOGLS out-
performs slightlyTS+HW for all the instances with a smaller
gap than betweenSPEA andTS+HW.

As seen at previous section 3, figure 3 summarizes the re-
sults on theC measure (set coverage). It is observed that
the results ofMOGLS are superior to those ofSPEA and
TS+HW for all the instances. By comparingSPEA and
TS+HW, we observe thatTS+HW is as good asSPEA for
the first instance. For the two last instances, the results are
clearly in favor ofTS+HW . Indeed, the values obtained by



Instance Method
Number of Number of Initial population size Number of generation Number of iterations Tabu list size
objectives items SPEA MOGLS SPEA MOGLS TS+HW TS+HW

250 150 150 50 50 50000 19
2 500 200 200 50 50 55000 21

750 250 250 50 50 60000 23

Table 4: Parameters settings for different algorithms and instances.

TS+HW

MOGLS

SPEA

Figure 3: Results of the comparison ofTS+HW, MOGLS and
SPEA with C measure. Each chart contains three box plots
representing the distribution ofC values for a certain ordered
pair of algorithms; the three box plots from left to right relate
to 250, 500 and 750 items. The scale is0 at the bottom and1
at the top of each chart. Furthermore, each rectangle refers
to algorithmA associated with the corresponding row and
algorithmB associated with the corresponding column and
gives the fraction ofB weakly dominated byA : C(A, B).

C(SPEA,TS+HW) are smaller than the values obtained by
C(TS+HW ,SPEA). We notice that on the hardest instances
(500 items, and 750 items) the results ofTS+HW widely ex-
ceed those ofSPEA.

Figure 4 represents the set of non dominated points dis-
covered by each algorithm. It should be noticed that on the
250 and 350 items instances,MOGLS gets the best curves
and confirms the results observed with the other measures.
However, for the largest instance (750 items),TS+HW dom-
inates some points found byMOGLS in some sections of its
non dominated set. This is remarkable given thatTS+HW
operates with a single configuration whileMOGLS (as well
asSPEA) uses a population of 250 configurations.
TS+HW seems to perform better with regard to the other

algorithms on larger instances. In fact, for such an instance,
TS+HW is able to discover solutions which are not domi-
nated by the other methods. It also finds solutions which
dominate some solutions found byMOGLS andSPEA. In
other words,TS+HW andMOGLS (or SPEA) discovers dif-

ferent and non dominated points because they explore in
quite different ways the search space and the objective space.
This observation gives a justification for the genetic local
search approach which combines genetic and local search
into a single algorithm [9].

5 Conclusion

In this paper, we have presented an empirical study of Tabu
Search for the 0-1 multidimensional multi-objective knap-
sack problem (MOKP). We have studied three TS algorithms
TS, TS+RW andTS+HW which are based on different di-
versification techniques. Experimental results show that the
TS+HW algorithm, which integrates a Hamming distance
based diversification mechanism, proved to be quite effi-
cient.

Experiments were also carried out to assess the perfor-
mance ofTS+HW with respect to two leading hybrid evolu-
tionary algorithmsSPEA andMOGLS. Results showed that
even if the TS algorithm operates with a single solution dur-
ing its search, it outperformsSPEA and competes favorably
in some cases withMOGLS. This is remarkable given the
simplicity ofTS+HW compared with these population based
algorithms. Indeed, bothSPEA andMOGLS are based on the
more sophisticated evolutionary models and integrate local
search within them.

TheTS+HW algorithm may be improved in several ways.
First, based on the diversity monitoring technique, more
elaborated techniques may be used for the diversification
phase. Second, constraint handling techniques developed
for the classical 0-1 multidimensional multi-objective knap-
sack problem [17] could be very useful in the context of the
MOKP.

This study highlights the importance of an effective man-
agement of diversity during a search process for multi-
objective optimization and this remains true for both evolu-
tionary search and local search. This study also suggests the
possibility of integrating TS within the evolutionary frame-
work, leading to even more powerful hybrid algorithms for
multi-objective optimization.
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two grants from the LIAMA and the PRA program (SI00-
01) which are greatly acknowledged.
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Figure 4: Non dominated points of the objective space.
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A Hamming distance and its incremental
evaluation.

The Hamming distance between two configurationsx =
(x1, x2, ..., xn) andy = (y1, y2, ..., yn) is defined as fol-
lows:

n
∑

i=1

|xi − yi|, xi, yi ∈ {0, 1}

More generally, the sum of the Hamming distancesSH of a
set ofp configurations withn variables is defined by:

SH =

p−1
∑

j=1

p
∑

j′=j+1

n
∑

i=1

|yij − yij′ |, yij , yij′ ∈ {0, 1}

So the valueSH represents the sum of the Hamming dis-
tances of thep configurations that are taken two by two. This
measurement is computed in a quadratic time with regard to
p. So it is not easily usable whenp is huge or when a very
huge number of measurements must be done.

Recently, R.W Morrison and K.A De Jong [11] have pro-
posed a transformation of the classical formula. The new
transformed formula is now computable in a linear time. It
is defined by:

Let wi =

p
∑

t=1

xit

p

then SH = p× (

n
∑

i=1

p
∑

j=1

(xij − wi)
2)

This linear formula is not in an incremental form. By
substitutingwi by its expression, and by developing the for-
mula, we obtain the reasoning given at figure 5.

Under this form,SH becomes incremental and so can be
efficiently used in an incremental process.



SH = p× (

n
∑

i=1

p
∑

j=1

(xij −

∑p

t=1 xit

p
)2)

SH = p× (

n
∑

i=1

p
∑

j=1

(x2
ij −

2

p
× xij ×

p
∑

t=1

xit + (

∑p

t=1 xit

p
)2))

let SH = p×

n
∑

i=1

(

p
∑

j=1

x2
ij −

2

p
× (

p
∑

t=1

xit)× (

p
∑

j=1

xij) +

p
∑

j=1

(

∑p

t=1 xit

p
)2)

with changes of variable:

SH = p×

n
∑

i=1

(

p
∑

j=1

x2
ij −

2

p
× (

p
∑

j=1

xij)
2 +

p

p2
× (

p
∑

j=1

xij)
2)

as xij ∈ {0, 1} we havex2
ij = xij

and SH = p×

n
∑

i=1

(

p
∑

j=1

xij −
1

p
× (

p
∑

j=1

xij)
2)

let SH =

n
∑

i=1

((

p
∑

j=1

xij)× (p−

p
∑

j=1

xij))

Figure 5: Transformation of the R.W Morrison and K.A De Jong formula in an incremental form.


