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Abstract. We present a method to learn simultaneously definitions for
a concept and its negation. This problem is relevant when we have to
deal with a complex domain where it is difficult to acquire a complete
theory and where we have to reason from incomplete knowledge. We use
default logic to represent such incomplete theories. This paper specifies
the problem of learning a default theory from a set of examples and a
background knowledge. We propose an operational method to inductively
construct such a theory. Our learning process relies on a generalization
mechanism defined in the field of Inductive Logic Programming. We first
consider the case where the initial knowledge is sure because it contains
only ground facts. Then, we extend the framework to the case where the
initial knowledge is a default theory.

1 Introduction

We present here a method that enables to construct a default theory from a set of
positive and negative examples and an initial background knowledge. The learn-
ing process that we propose is strongly related to research realized in the field of
Inductive Logic Programming (ILP). ILP investigates theory and methods to in-
duce first-order clausal theories from examples and background knowledge [18].
More precisely, in the normal framework of ILP, if B is the background knowl-
edge and E* and E~ are the sets of positive and negative examples respectively,
the aim is to induce hypotheses H such that BAH |= E* and BAHAE™ |~ L.
In most cases, ET and E~ are examples of a single target predicate and B and H
are definite Horn clauses (but some systems [6] induce full first-order theories).
The ILP community has also considered the problem of using more expressive
formalisms, specially in systems that construct clauses containing the negation
as failure operator [1, 2, 15].

The problem that we consider in this paper extends [9] and concerns the si-
multaneous learning of definitions for a predicate p and its negation —p. So in our
framework, negative examples for a predicate p will play the full role of leading
to explicit definitions of —p. The relevance of this approach has been first pointed
out by De Raedt [5] who argued that the closed world assumption is not suited
to the learning paradigm because we cannot assume that everything is known.
Our proposition follows the same idea and is concerned with the construction



of theories where it seems difficult to apply the closed world assumption. Let us
imagine a secretary-agent that must learn from observations when it must pass
on a phone call to the manager. This concept seems difficult to define completely.
So it is a good representation for the agent to define explicitly situations where
the call can be passed on, and situations where the manager must not be dis-
turbed. This formalism enables the agent to recognize cases where the concept
remains undefined according to the current learned theory. A situation may also
be undetermined because it satisfies at the same time a positive and a negative
definition.

In order to give explicitly definitions of p and —p and to deal with possible
inconsistencies between them, we propose to represent the learned knowledge by
a default theory. Default logic [22] is a powerful language to represent incomplete
knowledge, which enables our method to obtain compact theories where the
relationships between the definitions for p and —p appear clearly. In default
logic, knowledge is represented by a default theory (W, D), where W is a set of
classical formulas (the sure knowledge) and D is a set of default rules (or defaults)
that represent non completely specified inference rules, often considered as rules
with exceptions. Formally, a default %ﬁhas a consequent v and two types of
antecedents: a prerequisite o and a justification B'. Then, the intuitive meaning
of a default rule is : “4f « is proved, and if =4 is not deducible (in other words if
B is coherent) then conclude 4”. In whole generality, a, 8 and v can be any first
order logic formula. But in our work, they will be formulas with free variables,
like p(X,Y), so our defaults are said to be open. As usual in default logic, each
formula p(X,Y") represents the set of all ground formulas p(a,b) that can be
obtained by instantiation with the constants of the domain. In this work, we
only consider finite domains (without symbol function) and then our set of open
defaults is in fact a compact representation of a finite set of closed defaults
(without free variables) obtained by instanciation over the constant set.

We recall below the definition of an extension that is a set of plausible con-
clusions infered from a given closed default theory (see [22] for more details on
default logic). A default theory is said to be closed if all its defaults are closed.

Definition 1. [22] Let (W, D) be a closed default theory. For any set of closed
formulas S, let I'(S) be the smallest set satisfying :

- W Cr(s
— In(I(S)) = I'(S)
— For any "7—3 €D, ifae'(S) and -3 ¢ S, then v € I'(S5).
A set of closed formulas E is an extension of (W, D) iff E = ['(E).

A fundamental feature of default logic is its ability to represent incomplete
knowledge, so it is not surprising that a default theory may have multiple ex-
tensions : one for each point of view that we can adopt in front of the miss-

ing information. For instance (W, D) = ({a}, {%?, 2:7¢}) has two extensions

Y If § is a default rule, pre(6), jus(6) and cons(d) respectively denote the prerequisite,
the justification and the consequent of 4.



Ey =Th(W U{c}) and E; = Th(W U {—b}). That is why it is necessary to dis-
tinguish between skeptical (or cautious) theorems and credulous theorems. The
former are formulas that occur in every extension (¢ V —b in our previous ex-
ample) and can be considered as sure deductions. The later are formulas that
occur in at least one extension (¢ in our previous example) and are only hypo-
thetical conclusions. As it will be described later, this distinction is central in
the paradigm that we present in our work.

The rest of the paper is organised as follows : section 2 considers default
learning in the case where the initial theory does not contain defaults. Our
methodology is illustrated on examples in section 3. In section 4, we develop the
more general framework of learning with an initial theory that contains defaults.
Then, we compare our work with other approaches in section 5.

2 Learning Default Theories

2.1 Definition and algorithm

The following definition formally precises the framework of learning a default
theory; it is inspired by a well known semantic specification of ILP. In this
section, we consider the special case where the initial background knowledge is
expressed by ground facts.

Definition 2. Let E* = {p(a1),...,p(an)} be a set of positive examples and
E- = {-p(d}),...,—p(al,)} a set of negative examples of a target predicate p.
Let W be an initial set of ground facts containing no occurrence of p or —p,

Learning a default theory for the concept described by p and —p consists
in finding a default theory (W', D') such that:

- D' is a set of defaults, the consequents of which are p or —p

- W' =W UE,, where E, is a set of examples that cannot be generalized

- (Necp+e) A (Aecp-€)) is a skeptical theorem of (W', D').

Definition 3. An example e (p(a) or —p(a)) is covered by a default theory
(W, D) if e is a credulous theorem of (W, D).

An example e (p(a) or —p(a)) is an exception to a default theory (W, D)if
—e is a credulous theorem of (W, D).

Our approach considers that the training examples constitute a sure knowl-
edge from which we induce default rules. As a default theory may have multiple
extensions mutually inconsistent, our definition requires that the training exam-
ples become skeptical theorems of the induced default theory. For instance, let
Et = {flies(1)}, E- = {=flies(2)} and W = {bird(1), bird(2), penguin(2)},

and let D' be the default set D' = {b"d(ﬁge;{%s(x) ) pengmf;)l‘;i;(ﬁ;)lies(x) } The

theory (W, D) does not satisfy definition 2. In fact, (W, D') has two extensions
Ey =Th(WU{flies(1), flies(2)}) and Ey = Th(W U{flies(1),~flies(2)}) and
consequently, = flies(2) is not a skeptical theorem. The reader can easily check




that if we take D! — bz'rd(X):flief.;’(ii)(/‘)\{;penguin()() , penguifgc)l("il‘;(—;’)lies()() }7 then

(W, D') is a solution to this simple learning problem.

The main idea is to give symetric roles to positive and negative examples; the
positive examples are used to build defaults defining p and the negative exam-
ples are used to build defaults defining —p. Generalization of positive examples
leads to a general rule defining p but this definition may admit exceptions, that
are found by examining the negative examples. Generalization from such a set of
exceptions enables to specialize the rule defining p and moreover gives a general
definition of —p. A symetric treatment is also applied to generalization of nega-
tive examples. To resume, our method to construct a set of defaults alternates
generalization and specialization steps.

The generalization process is based on a generic ILP algorithm named here
Gen(q,ET,T, ) that, from a set of positive examples £t of the predicate ¢ and
a background theory T, induces one definition ¢(X) that characterizes a part of
ET. More precisely, that means that the theory T and the clause (¢(X) : —¢(X))

enables to prove all the examples g(a) generalized by ¢ (see section 3 for details).
Formally, the algorithms that we propose are the followings.

Algorithm DefaultLearning
In : p(X), W, ET,E~; Out : W', D’

Begin
W W D « 0
EY « E*
While ET # ¢
Gen(p, Et, W, ¢) searches ¢ that generalizes a part of E+
If a formula ¢ is found, then
Add to D' the default § = £ B0
Remove from E+ the examples generalized by ¢
Ezc + {e € E™| e is an exception to(W', D)}
If Exc # 0 then Specialise(Exc, W, 5, W', D', {pre(5)})
else - -
W'« W UEt Et « 0
Endwhile

JUS(X) « A—pre(6), for all § € D" s. t. cons(§) = p(X)

E— + {e € E™|e is not covered by (W', D)}

While E— # 0
Gen(-p, E—, W, @) searches ¢ that generalizes a part of E—
If a formula ¢ is found, then

Add to D' the default W

Simplify JUS(X) = AF_,~J;(X) by removing each J;(X) s.t. there is no constant
tuple X satisfying p(X) € ET and W F ¢(X) A Ji(X)
Remove from E— the examples generalized by ¢
else _ _
W'« W UE- E-+«10
Endwhile
End

Algorithm Specialise
In: Exzc, W; InOut : §, W', D'; In: ForbForm
Begin
Ezc+ Ezxc
While Ezc # 0
Gen(—mons(&),E_zc, W, Y Eec) searches ¥ gq. that generalizes a part of Ezc
If YEzc is found and YEze € ForbForm , then
Jus(8) + jus(8) A Y Eac
Add to D' the default g, = LE2eX):cons(d)

—cons(3)




Remove from Ezc the examples generalized by Y gEac
/* E stands for ET (resp E7) if cons(d) = p(X) (resp. cons(8) = —p(X))*/
Ezcggzc + {e € E| e is an exception to(W’, D")}
If Excgoc # 0 then Specialise(Ezcrec, W, gec, W', D', ForbForm U {pre(6gzc)})
else

W' < W' U Ezc Ezc+ 0

Endwhile

End

In our main algorithm DefaultLearning, p stands for the predicate to learn,
ET and E~ are the set of positive and negative examples of the concept; W is
the initial theory; W' is the theory W which may be augmented by some exam-
ples that cannot be generalized; D' is a set of defaults the consequents of which
are p and —p . For clarity, the algorithm is written by assuming that we begin
by learning p. But as our method deals with positive and negative examples in a
symetric manner, it could as well begin by learning —p by exchanging the roles
of Et and E~.

The process starts by a generalization step, that means that the learning al-
gorithm Gen is applied to E7T in order to compute one formula ¢ that represents
a subset of ET. If it is possible to find such a formula, the default 6:%
is build into D’.

This default § may admit exceptions (see definition 3). The set of exceptions
is obtained by checking for each —p(e) in E~ whether p(e) is a theorem of
(W', D"). If the set of exceptions is not empty, we must specialize §. Gen is used
to induce a formula 1 that generalizes these exceptions and we modify the default
é into W. By this way, this default is no longer applicable to the

negative examples that verify 1)(X). At the same time, these negative examples,
generalized by 1(X), lead to a general definition of —p, represented by the default

% This default is specialized on its turn if it is necessary. This recursive

process always ends because we use the set of forbidden formula, ForbForm,
that avoids possible loops in the situations where exceptions and examples are
generalized by the same formula. For instance, with Et = {flies(1), flies(2)},

— = {~flies(3),~flies(4)} and W = {bird(1), bird(2), bird(3), bird(4)}, we
obtain the first default ; = % which has the exceptions E~. If we
specialize §; without taking into account ForbForm, we obtain the new default

dy = —b"d(ff)h;{é;e)s(x) and 4y is specialized in §] = bird(X) f;;f:g@;\ﬁb"d(x) This

is not acceptable because the positive examples flies(1), flies(2) are no longer
covered by this theory, and become exceptions to d,, which leads to a loop in
this recursive specialization. The use of ForbForm enables to find the final

theory (W U {—flies(3),—flies(4)}, {%}), because an example e

that cannot be generalized is simply added to W' as a ground fact. This ensures
that e is a skeptical theorem of (W', D').

When all the positive examples are generalized (first Endwhile), we check
whether there are still any negative examples not covered by the current theory.
If it is the case, we begin to complete the definition of —p by a similar process.
At this time, all the positive examples, that are the potential exceptions for



defaults defining —p, have already been treated. So the formulas to characterize
these possible exceptions have already been computed: they are the prerequisites
of some defaults defining p. That is why all the new defaults that are introduced
for —p are constrained by a justification JUS that is the conjunction of all the
prerequisites of all defaults concluding p. By this way, we avoid the computation
of exceptions, which is an expensive process. The counterpart of this strategy is
that the justifications of these last defaults are certainly too complex and they
are simplified by a mechanism that checks for each new default whether these
formulas really correspond to some exceptions.

A last point to notice is that in our algorithm the sets of examples that
are not yet covered (E+ and E—) decrease each time that Gen generalizes a
subset of examples: this is the principle of iterative covering common to many
learning algorithms. But when we have to determine the exceptions to a current
theory, we must take into account the initial sets of examples Et and E—. This
is necessary to be sure that we have found all the possible exceptions.

2.2 Correctness

The work presented here extends a previous method [9] that concerned only
Lukaszewicz’ default theories where the existence of an extension is guaranted.
In Reiter’s default logic, this point must be more carefully studied.

Theorem 1. The algorithm DefaultLearning induces a default theory that has
always an extension.

Proof: In [14] it is shown that a Reiter’s default theory has at least one ex-
tension if its block-graph contains only even cycles. For a default theory (W, D),
the block-graph is a pair (D, A). The vertex set D contains all closed defaults
obtained from D except those that are incompatible with W, ie: defaults § s.t.
W F —jus(d). In our particular case, the arc set A contains the pair (4, d') if §
“blocks” &', i.e.: W F pre(d) and W U cons(d) - —jus(d'). By construction, each
induced default is normal or semi-normal? and its consequent is p(X) or =p(X).
So, it is obvious that only even cycle may exist and then our learned default
theories have always an extension. O

When it ends, our algorithm guarantees that all examples are covered (each
given example e is a credulous theorem) and that there are no remaining excep-
tions (for each given example e, —e is not a credulous theorem). So we have to
prove that it is sufficient to make all the examples skeptical theorems, as it is
required by definition 2.

Theorem 2. Let (W, D) be a default theory induced by the algorithm Default-
Learning and e a given example.

If e is a credulous theorem of (W, D) and —e is not a credulous theorem of
(W, D), then e is a skeptical theorem of (W, D).

2 A default is semi-normal if it is like %



Proof: Without loss of generality we fix that e is a positive example p(a) (the
proof for a negative example is similar) such that p(a) is a credulous theorem
and —p(a) is not a credulous theorem. Since p(a) is a credulous theorem it means
that there exists a closed default § = %W (particularly we may have
B(a)= true) with W  a(a).

Let us suppose that p(a) is not a skeptical theorem. In other words, there
exists an extension E not containing p(a), then ¢ is blocked in E that is E
—p(a) V =f(a). Since —p(a) is not a credulous theorem, it is never possible to
obtain —p(a), so the only way to block § is to derive —3(a). —8(a) cannot be
obtained by a default ¢’ because its consequent can only be p(X). So, we must
have —3(a) € W. But in this case, ¢ is always blocked and p(a) is not a credulous
theorem. This contradiction gives our result. O

The next section gives examples illustrating our methodology.

3 Commented Examples

In order to test the relevance of our method, we have simulated its main steps
on some artificial examples. It is fundamental in our work to compute general-
ization formulas that may have exceptions. This can be realized in ILP systems
(like FOIL [21] for instance) by allowing a certain level of noise. But it is difficult
to adjust this parameter: if we accept a high level of noise, we find too general
formulas, if the level of noise is too weak, the generalization is too specific or
impossible because of the exceptions. To avoid this difficulty that must be stud-
ied carefully for each application domain, we use a generalization mechanism
that rely only on positive examples. The ILP system Progol [16] has the ability
to learn from positive data only [17] and we use it as the generalization tool
described by the function Gen in our algorithm. Progol is an ILP system based
on inverse entailment. The input file for Progol specifies the set of positive ex-
amples and the initial background theory that may contain definite Horn clauses
but also integrity constraints expressed by headless Horn clauses. Moreover, the
user specifies type and mode declarations for the predicates. These biases are
very important to determine the space of possible generalizations that Progol
searches with an A*-like algorithm in order to return a clause that realizes the
best data compression.

In the following examples, the different stages of our method have been simu-
lated by switching learning steps of p and —p. When learning p, the theory with
only ET was considered and in order to learn —p, the negative examples are
considered with —p renamed in an ad-hoc predicate not _p. The covering tests,
that are necessary to determine which examples are not yet generalized and also
to determine exceptions to a default, require either extension calculus or query
answering in Reiter’s default logic. For both tasks, operational systems exist (for
instance DeRes [4], GADEL [19], XRay [20]), and they could be integrated in a
whole system for default theory learning.



Ezample 1. The initial theory W concerns a set of people and a set of dishes?.

hb(1), ..., hb(45), hb(46), ..., hb(50), hb(51), ..., hb(55)

v(46), ..., v(50), diab(51), ..., diab(55)

a(mutton), a(beef), a(fish),

di(mutton), di(beef), di( fish),

oa(egg),oa(milk),di(egg), di(milk),

sug(ice _cream), sug(cake),di(ice__cream), di(cake)

The aim is to induce what people eat and what they do not eat from the

following sets of examples.
eats(2,egg), ..., eats(50, egg),

ET = { eats(1, milk), ..., eats(50, milk), eats(1, mutton), ..., eat s(45, mutton), }
eats(1,beef), ..., eats(45,beef), eats(1, fish), ..., eats(45, fish)

—eats(1,egg),

—eats(46, mutton), ..., neats(50, mutton),

—eats(46, beef), ..., neats(50, beef),

—eats(46, fish), ..., ~eats(50, fish),

-eats(bl,ice_cream), ..., meats(55,ice_cream),

—eats(b1, cake), ..., meats(bd, cake)

Let us suppose that we begin to learn the definition of eats(X,Y"). So we run
Progol in order to generalize from the examples ET and W. The best clause ac-
cording to Progol evaluation is (eats(X,Y) :- hb(X), 0a(Y)), which means that
all the persons eat dishes that have an animal origin (eggs and milk). From this
formula we build into D' a first default 6, = 2XAcedpalsXY) By exam-
ining the set of negative examples, we find that this default admits only one
exception —eats(1,egg), that cannot lead to a relevant generalization. So this
exception —eats(1,egg) is added to W'. There are still some positive examples
that are not covered by (W', D') and a second call to the generalization of
Progol returns the clause (eats(X,Y) - hb(X),a(Y)). So we build the default

5y = hb(X)/\e“ag())}f;’;s(X’Y). But this default admits a set of exceptions Excs,=

{—eats(46, mutton), ..., ~eats(50, fish)}. In order to characterize these excep-
tions by a general formula, we submit this subset of examples to Progol (after
a replacement of —eats by not__eats. Progol returns the clause (not_eats(X,Y)
- v(X) Aa(Y)). So & is specialized into &, = AX)ra(Y):eats(X.Y)A(v(X) Aa(V))

eats(X,Y)
v(X)Aigt) S&e‘;f)s (X.Y) This default §5 admits

and at the same time, we build §3 =
no exception.

At this moment, we have finished the covering of all the positive examples and
we consider the negative examples that are not yet covered by (W', {81,405, 83}),
namely {—eats(51,ice_cream),...,—eats(55,cake)}. To generalize these instan-
ces, Progol finds the formula (diab(X) A sug(Y')) and we build a default §, with
this formula as prerequisite. To take into account the whole job that has been re-
alised during the learning of the positive part eats(X,Y"), this default has a justi-

3 The following notations are used: hb stands for human_being, v for vegetarian, di
for dish and diab for diabetic; a for animal qualifies dishes that are animal flesh, and
oa for animal origin qualifies dishes that have an animal origin, sug qualifies sugary
food.



fication which is the conjunct of the prerequisites of defaults defining eats(X,Y):
54 = diab(X)Asug(Y): —eats(X,Y)A=(hb(X)Aoa(Y))A=(hb(X)Aa(Y))
—eats(X,Y)

d4 is simplified by checking that there does not exist a couple (X,Y) such that
eats(X,Y) € Et and (diab(X) A sug(Y)) and (hb(X) A 0a(Y)) are true simul-
taneously. So (hb(X) A 0a(Y)) is removed from the justification of 4. The same
is true for (hb(X) A a(Y)) and finally, we obtain §} = dmb(X)Afzgggg ;,e)ats(X’Y).
The simplification process relies on theorem proving in Horn logic and is much
less expensive than the computation of exceptions that requires theorem proving
in default logic. One can easily check that all the positive and all the negative
examples are skeptical theorems of (W', {1, 0%, 3,04 }).

The following example illustrates that a learned default theory may have
multiple extensions.
Ezample 2. Let us consider that we want to learn the predicate p? with W =
{q(b1), q(b2), q(b3), g(nizon),r(t1), r(t2), r(nizon)}, E* = {p(b1), p(b2), p(b3)}
and E~ = {-p(t1), -p(t2)}.
Let us note that nizon is not given as a positive example nor as a negative
one. So the simplification step applies to the second default, inducing D' =
{Q();)(;f)(x), T(XJI;(}’)(X)}. As it is required by our definition, the conjunct of
all the examples is a skeptical theorem of (W, D’) even if this theory has two
distinct extensions E; = Th(WU {p(b1),p(b2), p(b3), ~p(t1), 7p(t2), p(nizon)})
and Ey = Th(W U {p(bl), p(b2), p(b3), —p(t1), ~p(t2), ~p(nizon)}). Knowledge
about nizon remains undefined since it is not a training example.

. The justification in

4 Learning With Initial Defaults

In both previous sections we consider special default theories where W only con-
tains ground facts. This requirement was necessary to make a bridge between
default logic where the sure knowledge can be expressed by any first order for-
mula and ILP where the initial background knowledge is expressed by Prolog
clauses, that are not equivalent to implications. In the case of the example 1, the
whole initial theory is expressed by ground facts, whereas some general Prolog
clause like (Ab(X) - v(X)) could have been used. Let us notice that such an
oriented rule could be written in default logic by v(fb)(iX”;“

We consider now that we want to learn a new concept from an initial de-
fault theory and a set of examples. The initial default theory may have multiple
extensions, but this difficulty can be resolved if the learning process relies only
on the sure initial knowledge. That is why we propose a method where gener-
alization uses a background knowledge including only all the ground facts that
are skeptical theorems of our initial theory. This new learning problem can be
stated as followed.

Definition 4. Let ET and E~ be positive and negative examples of a target
predicate p. Let (Wy, Do) be an initial default theory containing no occurences
of p or —p.

4 r stands for republican, ¢ for quaker and p for pacifist.



Learning a default theory for the concept described by p and —p consists
to build a default theory (W', D') such that:

- D" = Dy U Dy, where Dy, is a set of defaults, the consequents of which are

por-p

- W' =Wy UE,, where E, is a set of examples that cannot be generalized

- (Necp+€) N (Aecr-€)) is a skeptical theorem of (W', D).

We propose the following method to induce W’ and D’ in such a case. First,
we compute W the set of ground facts that are skeptical theorems from the
initial default theory (Wy, Do). Then the algorithm to learn the default theory
(W', D') is the same as the one given in subsection 2.1, except the two following
modifications:

- DefaultLearning works on the inputs: p(X), W, Wy, Do, E*, E~
- the two first initializations W' <~ W and D' « ) are replaced by
W'« Wy D'« Dy

So the background knowledge used for generalization by Gen is always W,
the set of skeptical theorems of (Wy, D). But each time we have to compute a
set of exceptions, we consider the exceptions of the current theory (W', D'). This
current theory contains the initial default theory (Wy, Do) augmented by some
new defaults defining p or —p and eventually by some examples that cannot be
generalized. So, generalization relies on sure knowledge but the search of excep-
tions takes into account the credulous theorems of (Wy, Dg). This is necessary
to insure that each example will be a skeptical theorem of the resulting default
theory (W', D").

Ezample 3. Let us consider the initial theory (Wy, Do) with Wy = {q(b1), q(b2),
g(nizon), r(tl), r(t2), r(nizon), usp(nizon), p(john)} and Dy = {%,
%}. Let E* = {no(b1), no(b2), no(john)}® and E~ = {-no(t1), ~no(t2)
—no(nizon)}

The initial theory (Wy, Do) has two extensions and we consider only the set
W of ground facts that are skeptical theorems in order to learn a definition of

no. As W = Wy U {p(b1), p(b2), =p(t1), ~p(t2)}, our method constructs the first
default 6; = % The negative example —no(nizon) is an exception for
01 since there exists an extension where §; can be applied to nizon. A gener-

alization of this exception leads to the formula usp(X). Then d; is specialized

into 8] = 2 (X):"",(Lf())?)ﬁ”w X) and at the same time we build the default §, =
%{X’L;m that has no exceptions. The learning process completes the defi-

nition of —no by the default d; = %&L;(x) We can check that each example

is a skeptical theorem of (W', D') with W' = W, and D' = Do U {4}, 2,03}
This final resulting default theory (W', D') has two extensions because of the
remained incomplete specification about p(nizon) and —p(nizon). But, each of
these extensions contains the conclusion —-mo(nizon) as it is required by our
objective.

% no stands for nuclear opponent and usp stands for US President.



5 Related Works

The problem of learning non-monotonic theories by learning both a concept
and its negation has been pointed as very interesting for many years. In [5] a
concept and its negation are effectively learned, but in the framework of definite
clauses : the negative concept is represented by a new predicate not _p and the
learning algorithm checks that no contradiction occurs between the definitions of
p and not_p. The framework proposed in [8] learns a concept and its exceptions
by means of general rules, and conflicts between rules are solved by additional
priority relations. This framework captures the notion of specificity of a rule as
it is done in [3] in prioritized default logic. But, it is known [23] that specificity
can be handled by means of semi-normal defaults and that is exactly what our
method does. In [7] the problem of contradiction between definition of p and
—p is solved by using integrity constraints in order to restrict the conclusions
derivable from too general rules.

More recently, some works deal with this problem in the context of extended
logic programs [11,13,12]. Extended Logic Programs (ELP) have been intro-
duced by Gelfond and Lifschitz [10] to extend the class of normal logic pro-
grams by allowing explicit negation. A rule in an ELP has the form Ly «
Ly,...,Ly,not Ly, ..,n0t L,, where each L; is a literal (positive or nega-
tive). [11,13] propose methods to learn an ELP that contains a definition of
p and a definition of —p. Each definition may have exceptions that are de-
scribed by abnormality predicates, and these abnormality predicates are de-
fined by normal clauses. So, the aim of these works is the same as ours. The
main difference is that we do not rely on abnormality predicates to special-
ize overgeneral rules. For instance, the algorithm presented in [13] learns rules
for p and specializes them if they have exceptions, then it computes on the
same manner a set of rules for —p. For our example 3, the following rules
p(X) : —¢(X), not —p(X). ab1(X) :- usp(X). p(X): —r(X),not p(X).
no(X) : —p(X), not abl(X). —no(X) : —usp(X).
are learned. We can observe that the algorithm has dealt twice with the set of
US presidents, once when US presidents are considered as a characterization of
abl and another time when US presidents are considered as examples of the con-
cept —no. This illustrates that using abnormality predicates to specialize rules
hides the deep relationships that exist between definitions of no and —no and
this leads to redundancy in the learning process and in the resulting rules. Fur-
thermore, the complete theory induced by [13] would in fact transform the rule
defining no into the two rules : (no(X) : —p(X),not abl(X),not -no(X).) and
(no(X) : —p(X),unde fined(—no(X)).) and similarly for the other rules conclud-
ing -no(X). The well founded semantics requires these modifications in order
to deal correctly with the examples where the definitions of no and —no overlap.

The method we have presented, like those described in [11, 13, 12], is a method
to build a consistent theory in a non-monotonic framework. The common feature
of our work and those presented in [11,13,12] is to rely on a standard ILP
procedure to compute definitions for the positive and the negative parts of the
concept; then we use a theorem prover for default logic (a theorem prover for the



answer set semantics in [11] and for WFSX semantics in [13, 12]) to compute the
potential exceptions to the definitions that have been induced. So, the central
point is to study for each used semantics how to agreggate these definitions into
non monotonic rules able to deal with potential contradictions.

A more recent work [25, 24] presents another approach where the induction
of hypotheses is realized directly from the answer sets of the initial program.
So this work redefines the learning process accordingly to the framework used.
In the case of a background program having multiple answer sets, the author
proposes to learn different rules for each answer set, which is very different from
our proposition of part 4. Of course, further study and also experimentation
of those formalisms on real problems are necessay to decide whether induction
must rely on credulous or skeptical knowledge.

6 Conclusion

We have presented a framework to induce default theories from training exam-
ples. Default logic is probably the most general framework that we can imagine
to represent at the same time a concept and its negation and the recent tools
realized for extension calculus or query answering enable to consider its applica-
tion to some real domains. This paper has shown how to control the inductive
construction of a default theory to insure that it correctly represents the knowl-
edge contained in the training examples. The availability of ILP systems allowed
us to check the relevance of this approach on some artificial examples. We have
now to further study the generalization process, specially on real examples. We
think that our method can be the basis of a system that helps a user to formalize
its knowledge in default logic.
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