
A Chessboard Coloring Problem for SAT SolversJanuary 23, 2003Abstra
tIn this paper we introdu
e a new satis�ability problem built over anoriginal 
hessboard 
oloring problem. The SAT en
oding of this problemprovide us a new ben
hmark for SAT solvers. Therefore, we propose anexperimental study of this ben
hmark using state of the art SAT solvers.1 Introdu
tionThis 
hessboard 
oloring problem was proposed as the �rst problem of the FifthAnnual U.S.A Mathemati
al Olympiad, in 1976. First, one should prove thatthere is no way to 
olor either bla
k or white ea
h square of a 4� 7 
hessboard,su
h that the four distin
t 
orners of all re
tangles in
luded in the 
hessboardare not all of the same 
olor, as the thin one in �gure 1. A re
tangle with 4
orners of the same 
olor is then 
alled a 
hromati
 re
tangle (CR) (plain linein �gure 1). Therefore, 
hessboards 
ontaining at least one CR will be 
alledCR 
hessboard and those 
ontaining no CR will be NCR boards. The se
ondpart of the problem was to exhibit a bla
k-white 
oloring of a 4� 6 
hessboard,with the above property (see �gure 2).
Figure 1: A 4� 7 CR ChessboardBeresin, Levine, and Winn [1℄ give the proof for the �rst part, and a solu-tion for the se
ond part. Further, they generalize their results to any m � n
hessboard painted with t 
olors. They establish 
onditions under whi
h the
hessboard must have at least a CR. These 
onditions follow their prin
iple 1:1



Figure 2: A 4� 6 NCR ChessboardPrin
iple 1 Let N squares of the m� n 
hessboard be of the same 
olor, say,bla
k, where 
j is the number of bla
k squares in 
olumn j. If�
12�+�
22�+ � � �+�
n2 � > �m2�then there is a 
hromati
 re
tangle.As 
onsequen
e of 1, they state the following prin
iple, easier to invoke, sin
ethere is no need to know the 
olors distribution in ea
h 
olumn.Prin
iple 2 Let (at least) N squares of the m � n 
hessboard be of the same
olor where N = n q + r with 0 � r < n. Ifr:�q + 12 �+ (n� r):�q2� > �m2�then the 
hessboard has a 
hromati
 re
tangle.Applying their prin
iple and the above properties to the two and the three
olors 
ases, they �nd ne
essary and su�
ient 
onditions on n and m to de
ideif a m � n board is a CR-board or a NCR-board. The CR-board set is givenby appli
ation of prin
iple 2 (and another one for the equality 
ase) and theproperty 1. The NCR-board set is de�ned by 
onstru
ting NCR-board andapplying property 2. To summarize, the problem of de
iding if a m� n boardis CR or NCR board is solved for two and three 
olors. Things begin moire
ompli
ated as the number of 
olors in
reases. As quoted in [1℄ �to extend theresults beyond three 
olors seems formidable and the authors have made noattempt at this�.In the following, we redu
e our analysis to square n�n 
hessboard, where nrepresents the size of the board. Now, we are interested in �nding the minimalnumber of 
olors,i.e. the 
hromati
 number, whi
h allows a valid 
oloration, i.e.without 
hromati
 re
tangle, of a size n board.2



2 En
oding of the ProblemAn instan
e of the SAT problem is de�ned by a set of boolean variables (also
alled atoms) X = fx1; :::; xng and a boolean formula � : f0; 1gn ! f0; 1g. Aliteral is a variable or its negation. A 
lause is a disjun
tion of literals. Theformula � is in 
onjun
tive normal form (CNF) if it is a 
onjun
tion of 
lauses.A (truth) assignment is a fun
tion v : X ! f0; 1g. The formula is said to besatis�able if there exists an assignment satisfying � and unsatis�able otherwise.In this problem, � will be in CNF.Given a 
hessboard of size n� n, the set of its squares B = [1::n℄� [1::n℄ isof size n2, therefore elements of B 
an be mapped to a set of variables of sizen2 by an isomorphism: flat : B ! fX1; ::Xn2g8X = (x; y) 2 B; f lat(X) = Xx+n�yThis fun
tion provides a �atten representation of the board.A re
tangle in the 
hessboard 
an be asso
iated to any pair of points A =(a1; a2) and B = (b1; b2) su
h that 8i; ai 6= bi. The 
orresponding re
tangle isthen fully de�ned by its 4 
orners:R(A;B) = (Xa1+n�a2 ;Xb1+n�a2 ;Xa1+n�b2 ;Xb1+n�b2)Note that ea
h re
tangle 
an be referred to by two 
omplementary pairs ofpoints (i.e. R((x1; y1); (x2; y2)) = R((x1; y2); (x2; y1))). We 
onsider R the setof all distin
t re
tangles for a given 
hessboard.From now on, instan
es of the problem 
an be fully de�ned by their twomain parameters: number of allowed 
olors N
ol and size of the board n.Given a (n;N
ol) CCP, we �rst introdu
e a set of propositional variablesfXij j i 2 [1::n2℄; j 2 [1::N
ol℄g (Xij is true when the ith variable of the initialproblem is of 
olor j. We have to state that ea
h square has one and only one
olor: 8i 2 [1::n2℄( _j2[1::N
ol℄Xij ^ ^j;k2[1::N
ol℄;j 6=k(:Xij _ :Xik))Then, we state that there are no 
hromati
 re
tangle, by using our previous
hara
terization of the re
tangles :8i1; i2; i3; i4; (Xi1 ; Xi2 ; Xi3 ; Xi4) 2 R^k2[1::N
ol℄(:Xi1k _ :Xi2k _ :Xi3k _ :Xi4k)This states that for a given 
olor k the four propositional variablesXi1k; Xi2k; Xi3k; Xi4kforming a re
tangle are not simultaneously true.3
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Figure 3: Board sizes with two 
olors (left graphi
) and boards sizes with three
olors (right graphi
s).The 
onjun
tion of these two statements is the instan
e of the SAT problemthat en
odes a CCP. This SAT instan
e involves n2�NCol variables and n2(1+0:5(NCol�1)NCol+0:25NCol(n2�2n+1)) 
lauses. This 
orresponds for instan
eto 172 
lauses for a (4; 3) CCP and 63 
lauses for a (3; 3).An obvious upper bound for the 
hromati
 number of a size n board is n.Indeed, one has just to paint ea
h row with a di�erent 
olor, so there is no
hromati
 re
tangle. Better upper bounds will be given in the experimentalresults se
tion. The lower bound follows prin
iple 2.One 
ould easily generalize this problem to multi-dimensional 
hessboardsand re
tangles. But one should remark that any NCR-board of dimension 2
an be immediately extended to a solution for dimension 3 by repeating it ntimes (if n is the size). Then, it is obvious that any 3D-re
tangle has at leastone of its fa
e in a 2D-NCR 
heesboard and thus its 8 
orners are not of thesame 
olor. Hen
e, if k is the 
hromati
 number for a 2D board, the 
hromati
number for greater dimensions is less or equal to k. This remark is still validfor any dimensional extension.3 Experimental Results3.1 SAT Solver AlgorithmsWe brie�y des
ribe here the SAT solver we have used in our experiments. Thereare two 
lasses of solvers: the 
omplete solvers based on the bran
h and ba
k-tra
king algorithm 
alled the Davis Putnam Logemann Loveland (DPLL) algo-rithm [3℄ and the in
omplete solvers with lo
al sear
h method.4
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(2,2) (3,2) (4,2) (5,2) (6,2) (8,3) (9,3)(10,3)(11,3)(15,4)(18.4)(19.4)Figure 4: Number of variables (left bar) and 
lauses (right bar) generated witha 
hessboard of size n� n and 
 
olors (
ouple (n,
)).DPLL builds a binary trie where ea
h node is a re
ursive 
all to the DPLLpro
edure with a redu
e set of 
lauses (elimination of the 
lauses where thevariable is TRUE and redu
tion of the 
lauses where the variable is FALSE).All the leaves represent an empty 
lause ex
ept one if the problem is satis�able.The 
omplete solvers :� Z
ha� [11, 8℄: The DPLL algorithm was augmented with an e�
ient imple-mentation of Boolean 
onstraint propagation and a new de
ision heuristi
(VSIDS).� BerkMin [4℄: Clauses are 
hronologi
ally sorted. This �age� is token intoa

ount in all the 
hoi
es and gives new heuristi
s.� Limmat [2℄: No publi
ation allows to understand 
learly Limmat but weknow the prin
ipal idea is to dete
t early 
on�i
ts in the boolean 
onstraintpropagation queue.� Satz [7℄: A powerful heuristi
 based on unit propagation is added to DPLL.Lo
al sear
h method 
onsider a set of all possible 
on�gurations. The sear
htakes a random assignment and dire
ts it step by step to a 
orre
t assignmentthanks to a good neighborhood fun
tion and a good evaluation fun
tion.The in
omplete solvers : 5



� GASAT [5℄: GASAT is a hybrid evolutionary algorithm with a spe
i�

rossover operator and a tabu sear
h pro
edure.� UnitWalk [6℄: UnitWalk 
ombines lo
al sear
h with unit propagation.� DLMSAT [10℄: The Lagrange multiplier is used to lead the sear
h out ofa lo
al minimum.� Walksat [9℄: Walksat is a pure lo
al sear
h algorithm.3.2 Experimental ConditionsLot of algorithms own parameters. We tested them with the default parametersand with a limit time (one hour). Ea
h in
omplete solver was tested three timeson ea
h instan
e. If no solution was found, the best number of false 
lauses wasgiven. For the 
omplete solvers, if the instan
e is UNSAT we 
an not say thenumber of false 
lauses.3.3 ResultsAll the tests were exe
uted on a Sun Fire 880 (4 CPU UltraSPARC III 750 Mhz,8 Go of RAM).Table 1 show the results of 
omplete solvers on 
olor ben
hmarks. For littleinstan
es (under 250 variables), there are good results. After, the instan
es aretoo large and the solver 
an not solve them (ex
ept BerkMin with 
olor-10-3and Z
ha� with 
olor-15-4).Table 2 show the results of in
omplete solvers. The su

ess rate is not writtenbe
ause it is 100% or 0%. When the su

ess rate is 0%, we give the best numberof false 
lauses found durin the tests. For little instan
es, we 
an observe no 
leardominan
e of one solver over the other ones. For large instan
es, two solversdomine, GASAT and DLMSAT. DLMSAT performs on satis�able instan
es andGASAT gives best results on unsatis�able instan
es.4 Con
lusionReferen
es[1℄ May Beresin, Eugene Levine, and John Winn. A Chessboard ColoringProblem. The College Mathemati
s Journal, 20(2), 1989.[2℄ Armin Biere. Limmat. http://www.inf.ethz.
h/personal/biere/proje
ts/limmat/.
6



Ben
hmarks BerkMin Z
ha� Limmat Satzinstan
es var 
ls sat se
. se
. se
. se
.
olor-3-2 18 36 Y 0.01 0.00 0.00 0.01
olor-4-2 32 104 Y 0.00 0.01 0.00 0.01
olor-5-2 50 250 N 0.02 0.06 0.04 0.03
olor-6-2 72 522 N 0.01 0.06 0.03 0.05
olor-8-3 192 2608 Y 0.01 69.17 1.47 -
olor-9-3 243 4212 Y 0.09 127.6 14.62 -
olor-10-3 300 6475 Y 123.81 - - -
olor-11-3 363 9559 N - - - -
olor-15-4 900 45675 Y - 1804.88 - -
olor-18-4 1296 95904 ? - - - -
olor-19-4 1444 119491 N - - - -Table 1: Complete solvers (if time out or bug then �-�)
Ben
hmarks GASAT DLMSAT UnitWalk Walksatinstan
es var 
ls sat se
. se
. se
. se
.
olor-3-2 18 36 Y 0.00 0.00 0.00 0.00
olor-4-2 32 104 Y 0.00 0.00 0.00 0.00
olor-5-2 50 250 N (1 
l.) (1 
l.) (1 
l.) (1 
l.)
olor-6-2 72 522 N (4 
l.) (4 
l.) (6 
l.) (4 
l.)
olor-8-3 192 2608 Y 0.02 0.01 0.00 0.01
olor-9-3 243 4212 Y 0.09 0.02 0.01 0.17
olor-10-3 300 6475 Y 318.243 6.07 (10 
l.) (2 
l.)
olor-11-3 363 9559 N (4 
l.) (4 
l.) (20 
l.) (13 
l.)
olor-15-4 900 45675 Y 1501.39 36.01 (18 
l.) (8 
l.)
olor-18-4 1296 95904 ? (22 
l.) (46 
l.) (75 
l.) (59 
l.)
olor-19-4 1444 119491 N (34 
l.) (51 
l.) (82 
l.) (82 
l.)Table 2: In
omplete solvers (if not assignment found then the best number offalse 
lauses is written between parentheses)7
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