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1 Introduction

The satisfiability problem (SAT) [6] consists in finding a truth assignment that satisfies a well-
formed Boolean expression. An instance of the SAT problem is defined by a set of boolean
variables (also called atoms) X = {z1,...,zn} and a boolean formula ¢: {0,1}" — {0,1}. A
literal is a variable or its negation. A (truth) assignment is a function v: X — {0,1}. The
formula is said to be satisfiable if there exists an assignment satisfying ¢ and unsatisfiable
otherwise. The formula ¢ is in conjunctive normal form (CNF) if it is a conjunction of clauses
where a clause is a disjunction of literals. In this paper, ¢ is supposed to be in CNF. SAT
is originally stated as a decision problem but we are also interesting here in the MAX-SAT
problem which consists in finding an assignment which satisfies the maximum number of clauses

in ¢.

SAT has many practical applications (VLSI test and verification, consistency maintenance,
fault diagnosis, planning ...). During the last decade, several improved solution algorithms have
been developed and important progress has been achieved. These algorithms can be divided
into two main classes:

Complete algorithms: Designed to solve the initial decision problem, the most powerful
complete algorithms are based on the Davis-Putnam-Loveland procedure [2]. They differ
essentially by the underlying heuristic used for the branching rule [11, 17]. Specific techniques
such as symmetry-breaking, backbone detecting or equivalence elimination are also used to
reinforce these algorithms [1, 4, 10].

Incomplete algorithms: They are mainly based on local search [13, 15] and evolution-
ary algorithms [3, 5, 7]. Walksat [13] and UnitWalk [9] are famous examples of incomplete
algorithms. Though incomplete algorithms are little helpful for unsatisfiable instances, they
represent the unique approach for finding models of very large instances.

In this paper, we focus on the design of evolutionary based algorithms. An important
process in evolutionary computation is the possibility of recombining interesting configurations
of the problem. We present here a study of possible specific recombination operators that can
be used in evolutionary algorithms for solving SAT problems.
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2 Hybrid Evolutionary Algorithm

In this section, we define the main lines of a hybrid evolutionary algorithm obtained by com-
bining a recombination stage with a local search improvement. Given an initial population, the
first step consists in selecting its best elements (i.e. assignments) w.r.t. a fitness function eval.
Then, recombinations are performed on this selected population. Each child is individually
improved using a local search process and inserted under certain conditions in the population.
The general algorithin is described in figure 1.

Insertion
Population  -—( Improved Children
Selection Local Search
I

Recombination

Figure 1: Algorithm Scheme

This algorithm can be adjusted by changing the selection function, the recombination or
the local search method but also by modifying the insertion conditions. The whole algorithm
relies on the management of a population of configurations representing potential solutions.
Therefore, we present now the basic materials for this population and a brief description of
the insertion and local search stage.

Representation The most obvious way to represent an individual for a SAT instance with n
variables is a string of n bits where each variable is associated to one bit. Other representation
schemes are discussed in [7]. Therefore the search space is the set S = {0,1}" (i.e. all the
possible strings of n bits) and an individual X obviously corresponds to an assignment. X|i
denotes the the truth value of the i** atom and X[i + o] denotes an individual X where the
it atom has been set to the value . Given an individual X and a clause ¢, we use sat(X,c)
to denote the fact that the assignment associated to X satisfies the clause c.

Fitness Function Given a formula ¢ and an individual X, the fitness of X is defined to be
the number of clauses which are not satisfied by X:

eval: S — IN, eval(X) = card({c|-sat(X,c) Ac € ¢})
where card denotes as usual the cardinality of a set. The smallest value of this function equals
0 and an individual having this fitness value corresponds to a solution.

Selection Process The selection operator is a function which takes as input a given popu-
lation and extracts some individuals which will serve as parents for the recombination stage.
To insure an efficient search, it is necessary to keep some diversity in the population. Indeed,
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if the selected parents are too similar, some region of the search space § will not be explored.

Local Search The local search process improves a configuration by a sequence of small changes
in order to reach a local optimum w.r.t. the evaluation function and a good neighborhood
function [16].

Insertion An improved child can be inserted w.r.t. different conditions (e.g. if it is better
than any individual of the population). These conditions are important w.r.t. the average
equality and the diversity of the population.

We now focus on the recombination stage.

3 Recombination Operators

A recombination operator (also called crossover) has to take into account as much as possible
the semantics of the individuals in order to control the general search process and to obtain
an efficient algorithm. In the SAT problem, the variables are the atoms and a constraint
structure is induced by the clauses. Therefore, while the representation focuses on the atoms,
an efficient crossover should take into account the whole constraint structure.

We first define a function flip: {0,1} — {0,1} such that flip(z) =1 — z. Then, we define
a function imp:S x IN — IN such that imp(X|i) = card({c | sat(X[i « flip(X|i)],c) A
—sat(X,c)}) — card({c | —sat(X[i + flip(X|i)],c) A sat(X,c)}). This function computes the
improvement obtained by the flip of the i** component of X and was previously introduced
in GSAT and Walksat [14, 13]. It corresponds to the gain of the solution according to the
function eval (i.e. the number of false clauses which become true by flipping the atom i minus
the number of satisfied clauses which become false). Remark that if this number is negative
then the number of false clauses would increase if the flip is performed.

Each operator is a function cross:S x § — S (i.e. two parents produce one child). We
now describe how we construct the child C = cross(X,Y).

Definition 1 Uniform Crossover
Each variable takes the value of X or Y with equal probability.

Definition 2 CCTM (Corrective Clause and Truth Maintenance) crossover

For each clause ¢ such that —sat(X, c) A—sat(Y, c) and for all positions i such that the variable
x; appears in ¢, we compute o = imp(X i) + imp(Y|i) and we set C|k = flip(X|k) where k is
the position such that o is mazimum. For all the clauses ¢ such that sat(X,c) A sat(Y,c) and
for all positions i such that the variable z; appears in ¢, we compute o = imp(X|i) +imp(Y i)
and we set Clk = X |k where k is the position such that o is minimum. All the variables with
no value take the value of X or Y with equal probability.

Definition 3 CC (Corrective Clause) crossover
For each clause ¢ such that —sat(X, c) A—sat(Y, c) and for all positions i such that the variable
x; appears in ¢, we compute o = imp(X|i) +imp(Y|i) and we set Z|k = flip(X|k) where k is
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the position such that o is mazimum. All the variables with no value take the value of X or
Y with equal probability.

Definition 4 F&F (Fleurent Ferland) crossover [5]

Given X and Y two parents and Z the child. For each clause ¢ such that sat(X, c) A —sat(Y,c)
(resp. —sat(X,c)Asat(Y,c)) and for all the positions i such that the variable z; € ¢, Z|i = X|i
(resp. Z|i =Y|i). All the variables with no value are randomly valued.

Note that CC, CCTM and F&F crossovers differ on the use of the truth values of the

clauses induced by the parents. The main ideas are to correct false clauses, to preserve true
clauses and to maintain the structure of the assignments. In order to study the characteristics
of the different operators, we reduce the algorithm to a sequence of recombination stage on a
population with or without using the selection process between two consecutive stages.
In order to study the characteristics of the different crossovers, we reduce the algorithm to a
sequence of recombination stage on a population with or without using the selection process
between two consecutive stages. The tests are realized with a random 3-sat instance (£500. cnf
[12]) with 500 variables and a ratio of clauses-to-variables of 4.3.
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Figure 2: The left column shows the crossovers without the selection stage and the right col-
umn shows the crossovers with the selection stage(1— Uniform crossover, 2—CCTM crossover,
3—CC crossover and 4—+F&F crossover)

Figure 2 shows that crossovers behaviors are modified with the addition of the selection
process. For the F&F crossover this operator damages its behavior while results are better
for the uniform crossover, the CCTM crossover and the CC crossover. The uniform crossover
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still does not give good results. Remark that CC and CCTM crossovers give very good results
with a diversity higher than all the other crossovers.

An efficient crossover is not necessary a crossover which improves the population enor-
mously but rather should give a good trade-off between quality and diversification of the
population. The diversification allows a better exploration of the search space and prevents
the population from stagnating in poor local optima.

4 Experimental Results with the CC crossover

The GASAT [8] algorithm (figure 1) is a hybrid algorithm using the CC crossover and a local
search. GASAT obtains very interesting results on SAT and MAX-SAT problems for large
instances (table 1).

‘ Benchmarks | GASAT | Walksat | UnitWalk |
instances | var | cls [sat] % sec. fl.  [[%[sec.| . [%]sec.| f.

hgen2-1205525430| 500 | 1750 | Y || 5 | 113.07|2033273|| (1 clauses) ||(15 clauses)
hgen2-512100147 | 500 | 1750 | Y (1 clauses) (1 clauses) ||(21 clauses)
mat25.shuffled 588 | 1968 | N (3 clauses) (8 clauses) ||(10 clauses)
mat26.shuffled 744 | 2464 |N (2 clauses) (2 clauses) ||(15 clauses)
color-10-3 300 | 6475 | Y [|100] 208.33] 929366| (2 clauses) |(12 clauses)
color-22-5 2420(272129| ? (10 clauses) (40 clauses)||(52 clauses)
difp_19_0_arr rcr |1201| 6563 | Y (8 clauses) (28 clauses)| (22 clauses)
difp_19_99 arr rcr |1201| 6563 | Y (11 clauses) (22 clauses)||(21 clauses)
g125.18 2250| 70163 | Y || 50 [1878.43] 149023|/(10 clauses)|[(24 clauses)
£250.29 7250(454622| Y (18 clauses) (84 clauses)| (56 clauses)

Table 1: Comparison of GASAT, Walksat and UnitWalk in the same conditions (if no assign-
ment is found then the best number of false clauses is given)
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