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Abstract. Several hybridizations of exact and approximate methods
for the SAT and MAX-SAT problems have been studied [16,3,9] but
these methods are based on different search space representations. The
aim of this paper is to propose a new resolution framework which in-
troduces a third truth value undefined in order to unify exact and ap-
proximate methods and to improve the resolution efficiency. Using this
resolution framework, we compare a classic Tabu Search algorithm with
the hybridization of a Branch and Bound algorithm and a Tabu Search.
Promising results are obtained and show the interest of this resolution
framework.

1 Introduction

The satisfiability problem (SAT) [6] consists in finding a truth assignment that
satisfies a well-formed boolean expression. An instance of the SAT problem is
then defined by a set of boolean variables (also called atoms) X = {z1,...,z,}
and a boolean formula ¢: B — IB. A literal is a variable or its negation. A
truth assignment is a function v: X — IB. The formula is said to be satisfiable
if there exists an assignment satisfying ¢ and unsatisfiable otherwise. The maxi-
mum satisfiability problem (MAX-SAT) corresponds to the minimization of the
number of false clauses. The formula ¢ is in conjunctive normal form (CNF) if
it is a conjunction of clauses where a clause is a disjunction of literals. In this
paper, ¢ is supposed to be in CNF.

Two classes of methods can be used to solve SAT and MAX-SAT problems:
exact and approximate methods.

— Exact methods are able to find all the solutions of an instance or, if there is
no solution, to prove its unsatisfiability. These methods are generally based
on the Davis-Putnam-Loveland procedure (DPL) [4] which explores a binary
search tree corresponding to the different possible assignments. The intro-
duction of heuristics [14,20,16] allows the algorithms to prune this search
tree and to guide their exploration in order to increase the resolution ef-
ficiency. It is also possible to introduce other specifics techniques such as



symmetry-breaking, backbone detection or equivalence elimination to rein-
force these algorithms [2,13,5]. They provide very good results but are not
suitable for the MAX-SAT problem. Other exact methods [1,21] based on a
Branch and Bound (B&B) algorithm have been designed to handle the MAX-
SAT problem but their performances are very limited for large instances. In
these algorithms, B&B is roughly an extension of the DLP procedure.

— Approximate methods are mainly based on local search (LS) [19,11,15] and
evolutionary algorithms [8,10]. They expect to minimize, on the assignments
space, a function corresponding to the number of false clauses. Therefore,
they are naturally designed for the MAX-SAT problem and allows one to
handle large instances.

Hybridizations of these two approaches have been proposed [16,3,9] and are
mainly based on a master-slave combination of a local search process and an
exhaustive search. Indeed, in these algorithms, LS is used as a sub-routine in a
DLP-like algorithm.

Concerning such hybridizations, we have to remark that, while exact meth-
ods work on partial assignment incrementally built by the resolution process,
approximate algorithms explore the set of all possible complete assignments.
Moreover, approximate methods are originally designed for MAX-SAT while ex-
act methods are more often used for SAT. We obviously consider here SAT as a
subcase of MAX-SAT where the number of false clauses is 0. Therefore, our pur-
pose is to provide a uniform framework in order to design hybrid solvers which
allows the methods to share a common search space.

This is achieved by introducing a tri-valued logical framework. We propose
then a hybrid algorithm for the MAX-SAT problem which uses a Tabu Search
(TS) and introduces a classic Branch and Bound algorithm (B&B) as an exact
resolution stage. This new framework also allows us to integrate more homoge-
neously diversification and intensification processes in the TS and in particular
an intensification strategy by means of the B&B algorithm.

In the next section we recall the basis of Tabu Search in the SAT context.
We then define our tri-valued framework and its integration in the Tabu search
process. Section 5 describes how the new TTS algorithm can be tuned before
beeing used in the hybrid algorithm presented in section 6. Experimental results
are then discussed before the concluding section.

2 Standard Tabu Search for Satisfiability

Tabu Search (TS) [7] is a local search meta-heuristics whose aim is to optimize a
function f on a search space S. The exploration of the search space is achieved
by moving from a configuration to one of its neighbors. These moves are guided
by a fitness function which evaluates their benefit. In order to avoid problems
induced by local optima, TS uses a list containing informations on previously
visited configurations to forbid some possible loops in the search process. TS has
already been studied for the SAT problem in [12,15].



In this SAT context, the search space is the set of all possible truth assign-
ments and the moves are clearly possible flips of the values of a given assignment.
The flip of a variable ¢ in an assignment X is the swap of its truth value (true
to false or false to true) denoted flip(X|i). The best flip is selected thanks to a
choose function which returns the variable whose flip provides the best improve-
ment (i.e., maximizes the number of false clauses which become true after the
flip minus the number of satisfied clauses which become false). The number of
satisfied clauses is given by the eval function:

eval: § -+ IN
X — |{c|sat(X,c) Ac € F}

where sat(X,c) means that the clause ¢ is satisfied by the assignment X. A
standard TS algorithm for SAT is described in Algorithm 1.

We now introduce our tri-valued framework in order to extend TS to partial
assignments.

3 A Tri-valued Framework

As mentioned before, exact methods construct their solutions along the search
process and therefore generate successive partial assignments to reach a solution.
To unify exact and approximate methods, a possible approach consists in extend-
ing approximate methods in order to use partial assignments. To introduce such
partial assignments in a local search process, we add a truth value undefined to
the classic true and false values. This new value induces some changes in the
standard logical rules. Two approaches can be used to define these new rules: an
optimistic approach and a pessimistic approach.

— The optimistic approach is the most commonly used. Indeed, all the exact
methods exploring a search tree are based on this approach. A clause is
considered undefined if none of its literal is true and at least one of its literal
is undefined. This approach corresponds to the following simplification rules:

true V unde fined — true
false V unde fined — unde fined
unde fined V unde fined — unde fined

— We propose here an alternative pessimistic approach which relies on the fact
that as soon as a clause has a false literal and no true literal, it is considered
as false. An undefined clause must have all these literals set to undefined.
This approach corresponds to the following rules:

true V unde fined — true
false V undefined — false
unde fined V unde fined — unde fined

We may now adapt TS to this tri-valued context.



Data : a formula ¢, an assignment Z, A, Maxflip

Result: the best assignment found

begin

Set the list tabu to size A;

Best + Z;

nbflip + 0;

while not (eval(Best) = nb clauses in ¢ V nbflip > Maz flip) do

i < choose(Z) (*);

if i & tabu then

if eval(Z[i « flip(Z|i)]) > eval(Best) then
‘ Best + Z[i + flip(Z]i)];

end

else

/* Aspiration Criteria */ ;

if eval(Z[i « flip(Z]i)]) > eval(Best) then
‘ Best « Z[i «+ flip(Z]i)];

else

go to (*) with the condition that i is different than the

‘ actual 4

end

end

nbflip < nbflip+ 1 ;

Z « Z[i «+ flip(Z|i)] ;

remove the older index from tabu ;

add 7 to tabu ;

end
Return Best ;

end

Algorithm 1: Tabu Search (TS)



4 TTS: a Tri-valued Tabu Search

The third truth value will allow TS to diversify its search without the addition
of an external heuristic: whereas a classic TS with two truth values explores
the search space moving from an assignment to another, TS with three truth
values (TTS) introduces moves across areas of the search space thanks to partial
assignments, since a partial assignment can be actually considered as a set of
complete assignments. For instance T T F U T U represents { TTFFTF, T
TFFTT, TTFTTF, TTFTTT}

The general TS and TTS processes share common principles. The main dif-
ference is that the valuation of a variable to undefined induces a diversification
step whereas the valuation to true or to false of an undefined variable induces an
intensification step (Fig.1). It is important to remark that contrary to the TS,
TTS can start its search with an empty assignment. The influence of the initial
assignment in the results is then avoided.

Fig.1. TS (left) and TTS (right). S represents a standard move with two truth
values. A diversification (D) step occurs when a variable is valued to undefined
whereas an intensification step (I) occurs when a variable undefined is valued to
true or false.

The introduction of the third truth value requires to redefine the eval function
and the choose function of section 2 since the number of undefined clauses must
be taken into account. The new evaluation function eval’ returns the number
of true clauses as well as the number of undefined clauses. In this context, an
assignment is better than another if it satisfies more clauses. If the number of
true clauses is equal for two assignments, the one generating the greatest number



of undefined clauses will be considered as the best assignment.

eval': S — (IN, IN)
X = (|{c|sat(X,c) Ac € F},
{clc € F}| — {c|sat(X,c) Ac € F}| — |{c|-sat(X,c) Ac e F}|)

We define the order >4 as the lexicographic extension (>,>) of the order >
on the pair constructed by the eval’ function.

The purpose of the search process is to increase the number of true clauses. When
this is not possible, it is then preferable to increase the number of undefined
clauses and thus to reduce the number of false clauses. We propose two different
choose functions:

— The choosel function (Algorithm 2) maximizes the number of true clauses
and minimizes the number of false clauses (increasing the number of unde-
fined clauses if necessary).

— The choose2 function (Algorithm 3) increases the number of true clauses
but, if it is not possible, it maximizes the difference between the number of
false clauses and the number of true clauses, keeping a maximum number of
true clauses.

Data : an assignment S

Result: a variable, a truth value

begin
E = analyze(S);
Select randomly a triplet among the triplets of E having the higher
maxT value and the higher mazU value;
Return the variable as well as the truth value having allowed to
obtain this triplet;

end

Algorithm 2: C'hoosel function for TS with three truth values

These two functions use the analyze function (see Algorithm 4) which com-
putes the impact of each move on the number of true, false and undefined clauses.
In this function, Clx _,y[i + Z] denotes the number of clauses which truth value
X becomes Y when the variable ¢ is valued with the truth value Z.

At this step, we have to tune our TTS in order to prepare its hybridization
with B& B.



Data : an assignment S

Result: a variable, a truth value

begin

E = analyze(S);

Select randomly a triplet among the triplets of E having the higher
maxT value and the higher maxzU value;

if mazxT > number of true clauses with S then

Return the variable as well as the truth value having allowed to
obtain this triplet;

else

Select randomly a triplet among the triplets of £ maximizing
(number of false clauses with S — maxF) —

(number of true clauses with S — mazT);

Return the variable as well as the truth value having allowed to
obtain this triplet;

end
end

Algorithm 3: C'hoose2 function for TS with three truth values

5 Tuning TTS for Hybridization

As described before, TTS provides a partial assignment which represents indeed
a subset of assignments. To evaluate the quality of this partial assignment, it
is necessary to explore exhaustively the corresponding subset in order to find
the best complete assignment that it contains. This can be achieved thanks to
a B&B algorithm which performs an exhaustive search by exploring a restricted
search tree whose root is the partial assignment provided by TTS.

Table 1 compares the different approaches concerning logical rules and the
different selection functions. Tests are realized on random 3-sat instances with
500, 1000 and 2000 variables (F500.cnf,F1000.cnf and F2000.cnf). The length
of the tabu list is set to 10% of the number of variables and 5000 iterations
are executed by TTS. Along the TTS process, the number of undefined vari-
ables (nb. var. U) and the number of clauses with one, two and three undefined
variables ((U,UU,UUU)) are memorized for the last partial assignment found
((T,U, F) after TS). To estimate the potential quality of the partial assignment
found by TTS, a B&B algorithm is executed and provides the best complete as-
signment ((T, F) after B&B) by assigning the undefined variables.

Table 1 shows a clear dominance of the choosel selection function. Using
this selection function, the best approach is our pessimistic approach (section
3). The quality of the partial assignment found during the TTS is better because
the number of true clauses is greater than the number obtained with the other
combinations. Since our motivation is to hybridize TTS with an exact method,



Data : an assignment S

Result: a set E of triplets

begin

E={}

for all the variables i do

/* Compute the number of true, false and undefined clauses after the
valuation to TRUE of the variable i*/;

if value(i) # TRUE then

mazT = number of true clauses with S + Clp_7[i +

T] + ClU_,T[’L' — T] — ClT_>F[i «— T] — ClT_)U[’L' «— T];
maxF = number of false clauses with S + Clr_p[i +

T] + ClU_>F[Z' — T] - ClF_>T[i — T] — ClF_>U[Z. <~ T];
mazU = number of unde fined clauses with S+ Clr_yi +
T] — ClU_yT[i «— T] — ClU_>F[i «— T];

end

/* Compute the number of true, false and undefined clauses after the
valuation to FALSE of the variable i*/;

if value(i) # FALSE then

maxT = number of true clauses with S + Clp_,7[i +

F] + ClU_yT['L' — F] — ClT%F[i — F] — ClT_>U['L' — F];
maxF = number of false clauses with S + Clr_rp[i <

F] + ClU_>F[Z — F] - ClF_,T[i — F] - ClF_,U[Z' — F];
mazU = number of undefined clauses with S+ Clr_,yli +
F] — ClU_y]’[i — F] — ClU_>F[1: «— F];

end

/* Compute the number of true, false and undefined clauses after the
valuation to UNDEFINED of the variable i*/;

if value(i) # UNDEFINED then

mazT = number of true clauses with S — Clp_,p[i <

U] - ClT_>U[i < U];

mazF = number of false clauses with S + Clr_,p[i <

U] — Cly_,uli + UJ;

mazU = number of undefined clauses with S+ Clr_yli +
U] + Clp_,U[i — U];

end

Add the triplet (maxT,maxF, mazU) to the set E;

end
Return F;

end

Algorithm 4: Analyze function which computes the impact of each move



Inst Observations Optimistic approach Pessimistic approach

choosel | choose?2 choosel | choose2
& |[(T,U,F) after TTS|[(2139,1,10)| (2130,8,12)| (2145,0,5)| (2093,1,56)
£ |[nb. var. U 20 16 18 41
g ([(U,UU,UUU) (188,2,0)| (167,7,0,)|| (177,4,0)| (419,26,1)
> |(T,F) after B&B || (2140,10)| (2135,15)| (2145,5)] (2129,21)
< |[(T,U,F) after TTS][(4227,5,18)[ (4221,10,19)[[(4233,0,17)[ (4146,1,103)
> |lnb. var. U 33 45 40 73
§ (U,UU,UU0) (356,5,0)| (462,19,0)|| (394,16,0)| (804,39,1)
= |(T,F) after B&B || (4232,18)| (4228,22)][ (4234,16)| (4205,45)
5 (T,U,F) after TTS||(8455,1,44)|(8435,24,41)||(8465,0,35)((8306,0,194)
> |lnb. var. U 69 99 78 130
§ (U,UU,UU0) (662,16,0)| (983,26,0)| (774,20,0)| (1390,77,0)
N (T,F) after B&B (8456,44)|  (8449,51)|| (8465,35)| (8397,103)

Table 1. Comparisons among the different approaches and the different selection
functions.

this combination of pessimistic approach and selection function choosel seems
to be particularly suitable.

At this step, we have to remark that, on the one hand, B&B acts as an
intensification process in the tabu search by exploiting exhaustively a subset of
assignments in order to extract the best one from a MAX-SAT point of view.
On the other hand, TTS can be viewed as a heuristics to point out interesting
nodes in the search tree usually associated to the B&B algorithm, restricting
thus the search to subparts of this whole tree.

This close interaction between the two methods leads us to propose an homo-
geneous hybrid algorithm in which each resolution stage acts at the same level
in a complementary process.

6 TTS-BB: a Hybrid Algorithm

The algorithms [1, 3] based on a B&B method obtain good results on instances
with few variables but, as the number of variables grows up, the performances
of these algorithms decrease dramatically. The interest of the hybridization be-
tween TTS with the pessimistic approach and B&B relies on the fact that TTS
selects subsets of the search space and B&B explores them exhaustively. In our
algorithm, this whole process is repeated until a solution is found (0 false clause
for SAT instances) or until a maximum number of visited assignments is reached.
To avoid to be stuck in an already studied space, all the undefined variables are
added to the tabu list. To control the allowed search power of each method, it is
necessary to impose that at least a certain number s of steps (empirically fixed
to 5000) are performed by TTS process between two calls to B&B. On the other
hand, B&B is executed only if the number of unassigned variables is not greater
than a bound b (empirically fixed to 100). The general process is sketched in



algorithm 5.

1) TTS executes at least s steps (except if a solution is found) until a partial
assignment with at maximum b undefined variables is found.

2) B&B returns the best complete assignment contained in the partial as-
signment obtained in the step 1).

3) The undefined variables before the B&B process are added to the tabu
list.

4) Return to 1).

Algorithm 5: General process of TTS-BB

7 Experimental Results

In this section, we compare the performances of TTS-BB with a classic TS algo-
rithm. No comparison is done with B&B alone since the studied instances have
too many variables. The benchmarks used are well-known instances. However,
our aim is not to improve the state of the art results but to show that a hy-
bridization of standard exact and approximate methods using the three truth
values framework with our pessimistic approach and choose function provides
competitive results.

7.1 Experimental Conditions

Due to the approximate and non-deterministic nature of TS, each algorithm runs
20 times on each benchmark. The maximum number of allowed local search steps
is 108 and the value s is set to 5 x 103. For our hybridization, we consider that
a backtrack has the same cost as a local search step. The length of the tabu list
is fixed to 10% of the number of variables of the studied problem.

7.2 Benchmarks and Evaluation Criterions

All studied instances have been used for SAT competitions [17, 18] and contain
satisfiable and unsatisfiable instances. To compare the two algorithms, four cri-
terions are used: the average number of false clauses (avg.) and its standard
deviation (s.d.) , the average number of steps (including LS steps and B&B
backtracks) to obtain the best result (steps) and the percentage of improvement
(Imp.) of TTS-BB with respect to the classic TS.



| Benchmarks | TS | TTS-BB || Imp. |

instances var| cls|/false clauses| steps ||false clauses| steps %
avg. | s.d. avg. | s.d.

color-10-3 300| 6475 2.60| 0.50|219359|| 2.45| 0.76|256962| +5.8

color-15-4 900(45675|| 5.30| 0.52|263991|| 5.20| 0.57|341175| +1.9

£1000 1000| 4250| 5.58| 2.35|365002|| 3.58| 0.79|497987|+35.8

£2000 2000| 8500| 14.58| 4.17(684653| 8.67| 2.01|543274(|+40.5

Mat25.shuffled | 588| 1968| 21.83(14.80| 43198| 5.83| 0.57|371227|+73.3

Mat26.shuffled | 744| 2464| 8.00| 0.00|170516|| 6.83| 0.39|513994|+14.6

par32-5-¢ 1339| 5350| 14.70(11.38/|303836|(11.70| 6.66|219720|+20.4

par32-5 3176(10325|| 23.70{30.04(361385({10.20| 1.32|473116||+57.0

ssa7552-038 1501| 3575| 10.00(13.06|407185|| 8.55| 1.88|553387||+14.5

termlmul.miter|3504(22229({154.92|10.47|190158||63.67| 4.38(444574(+58.9
Table 2. Comparisons between classic TS and TTS-BB

7.3 Results

Table 2 shows that the TTS-BB algorithm improves the number of false
clauses provided by the classic TS algorithm. This improvement can be weak
for some instances (+1.9% for color-15-4) but really more significant for other
instances (+73.3% for Mat25.shuffled). All the TS results are improved by
TTS-BB. Moreover, the small standard deviations of the results show that the
hybridization provides reliability to the algorithm. The greater number of steps
performed by TTS-BB compared with TS is related to the quality of the solu-
tion found. TS stops very quickly its improvement while TTS-BB continues its
search, generating more steps. The good performances of TTS are due to the
new tri-valued framework which allows the algorithm to benefit from a unified
combination of the two resolution techniques.

8 Conclusion

We have presented a resolution framework to improve hybridization between ex-
act and approximate methods for the MAX-SAT problem. To obtain a suitable
resolution framework we have introduced a third truth value undefined which
allows the TS to explore the search space using both complete and partial as-
signments. With this new value, exact and approximate methods are able to
share the same search space representation.

Results show that, without any specific improvement of the basic methods, the
hybridization is very competitive w.r.t. a classic TS. This new resolution frame-
work being easily flexible, other hybridizations can be created using the best
exact and approximate solvers. Our future works will consist in integrating new
hybridizations within this framework.
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