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Abstract

We presenta hybrid approachfor the 0-1 mul-
tidimensionalknapsackproblem. The proposed
approachcombineslinear programmingand Taku
Search. The resultingalgorithmimproves signifi-
cantly on the bestknown resultsof a setof more
than150benchmarknstances.

1 Intr oduction

The NP-hard 0-1 multidimensional knapsack problem
(MKPO1) consistdn selectinga subsebf n givenobjects(or
items)in suchaway thatthetotal profit of theselectedbjects
is maximizedwhile a setof knapsaclconstraintaresatisfied.
More formally, the MKPO1 canbe statedasfollows.

maximizec.z subjectto

MKPOl{ Az <bandz € {0,1}"

wherec € IN**, A € IN™*™andb € IN™. The binary

componentse; of z aredecisionvariables:z; = 1 if the

object;j is selected() otherwise.c; is the profit associatedo

j. Eachof them constraintsd;.z < b; is calleda knapsack
constraint.

Thespecialcaseof the MKPO1with m = 1 is theclassical
knapsackproblem(KP01), whoseusualstatements the fol-
lowing. Givena knapsaclkof capacityb andn objects,each
beingassociatea profit (gain)andavolumeoccupationpne
wantsto selectk (k < n andk notfixed)objectssuchthatthe
total profit is maximizedandthe capacityof the knapsacks
not exceededlt is well known thatthe KPO1is not strongly
NP-hardbecausehere are polynomial approximationalgo-
rithmsto solweit. Thisis notthecasefor thegeneraMKPO1.

The MKPO01 canformulatemary practicalproblemssuch
as capital budgetingwhere project j hasprofit ¢; and con-
sume(a;;) units of resourcei. The goalis to determinea
subsetof the n projectssuchthat the total profit is maxi-
mizedandall resourceconstraintaresatisfied.Otherimpor-
tant applicationsincludecamgo loading[Shih, 1979, cutting
stock problems,and processomllocationin distributed sys-
tems[Gavish andPirkul, 1982. Noticethatthe MKP0O1 can
be consideredisageneraD-1lintegerprogrammingproblem
with non-ngyative coeficients.

Given the practical and theoretical importance of the
MKPOL1, it is not surprisingto find a large numberof stud-
iesin theliterature;we give a brief review of thesestudiesin
thenext section.

2 Stateof the Art

Likefor mary NP-hardcombinatoriabptimizationproblems,
both exactandheuristicalgorithmshave beendevelopedfor
the MKPO1. Existing exactalgorithmsare essentiallybased
on the branchand boundmethod[Shih, 1979. Thesealgo-
rithms are differentone from anotheraccordingto the way
the upperboundsareobtained.For instancejn [Shih,1979,
Shih solves, exactly, eachof the m single constrainedye-
laxed knapsackproblemsand selectthe minimum of the m
objective function valuesas the upperbound. Betteralgo-
rithms have beenproposedby using tighter upperbounds,
obtainedwith otherMKPO1 relaxationtechniquesuchasla-
grangeansurrogateand compositerelaxations[Gavish and
Pirkul, 1989. Dueto their exponentialtime complexity, ex-
actalgorithmsare limited to small sizeinstancegn = 200
andm = 5).

Heuristicalgorithmsaredesignedo producenearoptimal
solutionsfor larger probleminstancesThefirst heuristicap-
proachfor the MKPO1 concerndor alargepartgreedymeth-
ods. Thesealgorithmsconstruct solutionby adding,accord-
ing to a greedycriterion, oneobjecteachtime into a current
solution without constraintviolation. The secondheuristic
approachs basedon linear programmingby solving various
relaxationsof the MKPOL1. A first possibility is to relaxe the
integrality constraintsand solve optimally the relaxed prob-
lem with simplex. Otherpossibilitiesinclude surrogateand
compositerelaxationd Osorioetal., 2004.

More recently several algorithmsbasedon metaheuristics
have beendeveloped,including simulatedannealing DrexI,
1984, taku search[Glover andKochenbeger, 1996; Hanafi
andFréville, 1999 andgeneticalgorithms[ChuandBeasls,
1999. Themetaheuristi@approacthasallowedto obtainvery
competitive resultson large instancescomparedwith other
methodgn = 500 andm = 30).

Most of the above heuristicsuse the so-calledpseudo—
utility criterion for selectingthe objectsto be addedinto a
solution. For thesingleconstrainttasethe KP01), this crite-
rion correspondso the profit/resouceratio. For the general
MKPO1, the pseudo-utilityis usually definedas ¢; /(u.a;)



wherewu is a multiplier for the column vector z;. Notice
thatit is impossibleto obtain"optimal" multipliers. Thusthe
pseudo-utilitycriterionmay misleadthe search.

In this paperwe proposeanalternatie way to explorethe
searchspace. We usefractional optimal solutionsgiven by
linear programmingto guide a neighborhoodsearch(Taku
Searchor TS) algorithm. The mainideais to exploit around
a fractionaloptimal solutionwith additionalconstraints.We
experimentthis approachon a very large variety of MKP0O1
benchmarkinstancesand compareour resultswith the best
known ones.We shaw thatthis hybrid approactoutperforms
previously bestalgorithmsfor the setof testednstances.

The paperis organizedasfollows. Next sectionpresents
thegenerabkcopeof our approachSectiond4 describesheal-
gorithmusedto determingpromisingsub-spacef thewhole
searchspacefrom wherewe run a TS algorithm. This algo-
rithm s presentedh section5. Finally we give computational
resultson alarge setof MKP0O1 instancesn section6.

3 A Hybrid Approachfor the MKP01

The basicideaof our approachis to searcharoundthe frac-
tional optimum z of somerelaxed MKP. Our hypothesisis
that the searchspacearoundz should containhigh quality
solutiong.

This generalprinciple can be put into practicevia a two
phaseapproach. The first phaseconsistsin solving exactly
a relaxationMKP of the initial MKPOL1 to find a fractional
optimal solutionz. The secondphaseconsistsin exploring
carefullyandefficiently someareasaroundthisfractionalop-
timal point.

Clearly, thereare mary possiblewaysto implementthis
generalapproachFor this work, we have donethefollowing
choices. The first phaseis carriedout by using simplex to
solve arelaxed MKP. Thesecondhases ensurediy a Taku
Searchalgorithm.

Let us natice first that relaxing the integrality constraints
alonemay not be sufficient sinceits optimalsolutionmaybe
far away from an optimal binary solution. To be corvinced,
let us considerthefollowing smallexamplewith five objects
andoneknapsaclconstraint:

c = (12 12 9 8 8)
S‘””ple{ A = (11 12 10 10 10) b=30
This relaxed problemleadsto the fractionaloptimal solution
z = (1,1, £,0,0) with anoptimalcostvaluez = 30.3 while
the optimal binary solutionis z°P* = (0,0,1,1,1) with an
optimalcostvaluez°Pt = 25.

However, the above relaxation can be enforcedto give
morepreciseinformationregardingthe discreteaspecbof the
problem.To dothis, let usnoticethatall solutionsof MKPO1
verify the property: Z?Zl z; = k € IN with k£ aninteger
Now if we addthis constrainto therelaxed MKP, we obtain

1This hypothesiss confirmedby experimentakresultspresented
later. Of coursethe hypothesisioesnot excludethe possibility that
otherareagmay containgoodsolutions.

aseriesof problems:

maximizec.z S.t.
A.xz <bandz € [0-1]" and
o(z)=kelN

wherea(z) is the sum of the componentf z, defininga
hyperplane. We have thus several (promising) points zy;
aroundwhich a carefulsearchwill becarriedout.

To shaw theinterestof this extra constrainttake againthe
previous examplewith £ = 1,2, 3, leadingto threerelaxed
problems:

MKP[k] {

MKP[1] — Zuy =12 et Iy = (1,0,0,0,0)
MKP[2] — Zjg) = 24 et Zp) = (1,1,0,0,0)
MKP[3] — Zi3) =25 et I = (0,0,1,1,1)

wherek = 3 givesdirectly anoptimalbinarysolutionzs; =
x°Pt without furthersearch.

In generatasessearchs necessarto explorearoundeach
fractionaloptimumandthis is carriedout by aneffective TS
algorithm(Section5). In ordernotto go far away from each
fractionaloptimumz;), we constrainfTSto exploreonly the
pointsz € S suchthat |z, Zj |, the distancebetweenz and
1) is no greaterthana giventhresholds 2.

To sumup, the proposedapproachis composedf three
steps:

1. determinenterestinghyperplanes (z) = k;

2. runsimplex to obtainthe correspondingdractionalopti-
MUMIg);

3. runTaku Searcharoundeachz;, limited to a sphereof
fixedradius.

4 Determine Hyperplaneso(z) = k and
Simplex Phase

Givenann sizeinstanceof MKPO1, it is obviousthatthen+1
valuesd < k < n donothavethesameinterestregardingthe
optimum. Furthermoreexploring all the hyperplanes(z) =
k would be too muchtime consuming.We propose,in this
sectionasimpleway to computegoodvaluesof k.

Startingfrom a 0-1lower boundz, the methodconsistsn
solving, with the simplec algorithm,the two following prob-
lems:

minimizeo(z) s.t.
A.z < bandz € [0-1]" and

MKPomin[z] {
cx > (z+1)

Let omin be the optimal value of this problem. A knap-
sackthat holds fewer itemsthan k,,,;, = [omin] respects
nolongertheconstraintc.z > (z + 1).

maximizeo (z) s.t.
A.z <bandz € [0-1]" and

MKPomaz|z] {
cx > (z2+1)

Let omax be the optimal value of this problem. It is not
possibleto hold moreitemsthank,,,,, = |omaz]| without
violate oneof them constraintsd;.z < b;.

2This pointis discussednoreformally in section5.2.



Consequentlyjocal searctwill runonly in thehyperplanes
o(x) = k for which k is boundedby k,,;, andk,,,... Hence
we compute, using once again the simplex algorithm, the
(kmaz — kmin + 1) relaxed MKP[k] which give usthe con-
tinuousoptimaz ;) whichareusedby the TS phase.

5 Tabu Search Phase

A comprehensie introductionof Talu Searchmay be found
in [Glover andLaguna,1997. We give briefly belov some

notationmecessarfor theunderstandingf our TSalgorithm
TSMKP .

5.1 Notations

The following notations are specifically oriented to the
MKPO1:

e aconfiguration z is abinaryvectorwith n components;

¢ theunconstrainedearch spacesS is definedto equalthe
set{0, 1}", including both feasibleand unfeasiblecon-
figurations;

e amove consistan changinga small setof components
of z giving ' andis denotecby muvt(z, z');

¢ in this binary contet, the flipped variablesof a move
canbeidentifiedby theirindexesin thez vector: These
indexesaretheattrib utesof themove;

e the neighborhood of z, N'(z), is the subsetof config-
urationsreachabldrom z in onemove. In this binary
context, a move from z to ' € N can be identified
without ambiguityby the attribute j if 2’ is obtainedby
flipping the j;;, elementof z. More generally we use
mwt(iy, 12, ..., ix) to denotethe move mut(x, ') where
Vj € [1,k]z;, = 1— ;. Suchamoveis calleda
k_change.

5.2 Search SpaceReduction

Regardingthe knapsaclconstraint{A.z < b), S = {0, 1}"

is the completelyrelaxed searchspace.lt is alsothe largest
possiblesearchspace.We specifyin this sectiona reduced
searchspaceX C S which will be explored by our Tahu

Searchalgorithm. To definethis reducedspace we take the
ideasdiscussegbreviously (Section3):

1. limitation of S to a sphee of fixed radiusaroundthe
point Zjz;, the optimal solution of the relaxed MKP[k].
Thatis: |£L',Il_f[k]| < Omaz,

2. limitation of the numberof objectstakenin the config-
urationsz, thatarevisited by the tabu searchalgorithm,
to the constantk (intersectionof S andthe hyperplane
o(z) = k).

For the first point, we use °7_, |z; — x| to definethe
distance|z, z'| wherez et ' may be binary or continu-
ous. We usethe following heuristicto estimatethe maximal
distanced,., authorizedfrom the startingpoint zj;. Let
(1,1,---,1,rq,---,74,0,---,0) bethe elementsof the vec-
tor zp) sortedin decreasingrder r; arefractionalcompo-
nentsof zj, andwe have: 1 > ry > rp > -+ > 1y > 0.
Let u be the numberof the componenthiaving the value of

1in Z. In the worst case,we selectr; itemsratherthan
the u components. With o(Z;)) = k that givesdy, =
2x (u+q—Fk). If u=Fk,itfollowsdy = 0 thatcorresponds
to the casewhereZy is a binary vector Dependingon the
MKPO1 instancesywe choosey,,., = djx]. Hence eachtatu
processunningaroundz; hasits own searchspaceX}:

X ={z€{0,1}"|o(x) =k A |z,Z1)| < Omaz}

Notethatall X} aredisjoint, this is a goodfeaturefor a dis-
tributedimplementatiorof our approach.

Finally, in orderto furtherlimit TS to interestingareasof
X, we adda qualitatve constrainton visited configurations:

C.T > Zmin

wherez,,.;, is thebestvalueof afeasibleconfiguratiorfound
sofar.

5.3 Neighborhood

A neighborhoodvhich satisfiegsheconstraint(z) = k isthe
classicaladd/dropneighborhoodwe remove an objectfrom
the currentconfigurationand add anotherobjectto it at the
sametime. This neighborhoods usedin this study The set
of neighboringconfigurationsV (z) of a configurationz is
thusdefinedby theformula:

N(z) ={z' € X}/ |z,z'| = 2}

It is easyto seethat this neighborhoods a specialase of

2_change (cf. sect.5.1). We usein the following sections
indifferently mot(z,z') or mvt(i, j) with z; = 1 — 2; and
z; = 1 — z;. As TS evaluatesthe whole neighborhoodor

amove, we have a time compleity of O ((n — k) x k) for

eachiterationof TSMFX,

5.4 Tabu List Management

Thereverseeliminationmethod(RE M), introducedby Fred
Glover [Glover, 1994, leadsto an exact taku status(i.e.
mot(z,z') talu < z' hasbeenvisited). It consistsin stor
ing in arunninglist the attributes(pair of componentsdf all
completednoves.Telling if amoveis forbiddenor notneeds
to tracebackthe runninglist. Doing so, onebuilds another
list, the so-calledresidualcancellationsequencd RC'S) in
which attributesare either added,if they arenot yetin the
RCS, or droppedOtherwise.The condition RC'S = ) cor
respondgo amoveleadingto ayetvisited configuration.For
more detailson this methodsee[Dammeyer andVoR3, 1993;
Glover, 1990. REM hasatime complexity O(iter?) (iter
is the currentvalueof the move counter).

For our specific2_change move, we needonly onetrace
of therunninglist. Eachtime we meet| RC'S| = 2, themove
with RCSy and RC'S; attributesis saidtaku. Let iter be
the move counter The following algorithmupdateghe taku
statusof the whole neighborhoodbf a configurationz and
correspondso theequivalence

iter = tabu[i][j] <= mvt(i, j) tabu



Algorithme 1: UPDATE_TABU

i < erl % endof runninglist
repeat

i4—1—1
j < runninglist[z]

if j € RCS then

| RCS «— RCS©j

else

| RCS « RCS @ j

if |[RC'S| = 2then

L tabu[RCSo][RCS1] + iter

tabu[RC S1][RCSp] «+ iter

until ¢ =0

This algorithmtracesbackthe running list table from its
erl — 1 entrytoits 0 entry.

5.5 Evaluation Function

We usea two component®valuationfunction to assesshe
configurationse € S: vy(z) = 32, 4,050, (@i-z — b;) and
z(z) = c.z. To make a move from z, we take amongz’ €
N (z) theconfigurationz’ definedby thefollowing relation:

V" € N(z)
vp(z') < vp(z") or
vp(z') = vp(z") ande.x’ > c.z”

z' € N(z) suchthat {

Randomchoiceis usedto breakties.

Eachtime vy(z) = 0 the running list is resetand z,in
is updated. Hencethe talu algorithm exploresareasof the
searchspacevherez > z,:, trying to reachfeasibility.

5.6 Tabu Algorithm

Basedon the above considerationspour TS algorithm for
MKPO1 (T'SMPK) workson a seriesof problemdlike:

findz € $ = {0,1}" suchthat
Az <bAY Tz =kA |z, T < dmas A CT > Zmin

wherez,;, is a strictly increasingsequencelLet |R.L.| be
the running list size. Consideringthe last feature of our
algorithm given just above (sect. 5.5), |R.L.| is twice the
maximumnumberof iterationswithout improvementof the
costfunction. The startingconfigurationz;,;; is built with
the following simple greedyheuristic: Choosethe k items
{i1,---,ir}, whichhave thelargestz,;, value.

6 Computational Results

All the proceduresof TSMPK have beencodedin C lan-
guage.Our algorithmhasbeenexecutedon differentkind of
CPU (up to 20 distributed computerdike p11350, pI11500,
ULTRASPARCS and30). For all theinstancesolved below,
we run TSMPK with 10 randomseedg0..9) of the standard
srand() C function.

We havefirst testedour approacton the 56 classicalprob-
lems usedin [Aboudi and Jérnsten,1994; Balas and Mar-
tin, 1980;ChuandBeaslg, 1998;DammeerandVol3,1993;
Drex|, 1988; Fréville and Plateau,1986; 1993; Glover and
Kochenbeger, 1996;Shih,1979;Toyoda,1975. Thesizeof
theseproblemsvariesfrom n=6 to 105itemsandfrom m=2
to 30 constraints.Theseinstancesareeasyto solve for state-
of-the-artalgorithms. Indeed,our approachfinds the opti-
mal value (known for all theseinstances)n anaveragetime

Algorithme 2: TSMKP

iter < 0 % Move counter
(erl, tabu[]]) < (0,(—-1,...,—1))
T < Tinit
if vp(z) = 0then
|_ Zmin — C.T; % T
else
|_ Zmin < 0; 2" < (0)
repeat
(Umins Zmaz) + (00, —00)
fort1 <i< j<ndo
if tabu[i][j] # iter then
(x5, 25) + (1 —x;,1 — z;) %mut(i, j) evaluation
if (|2, Z(k)| < 6maz) A (¢.T > zmin) then
if (Vb(2) < Umin) V (Ub(Z) = Umin A C.Z > Zmaz) then
(¢,3") « (i, 9)
Umin, Zmaz) — (Vs(T), c.)
(zi,z;) + (1 —z;,1 — z;) % Restoreold values
if Umin # oo then
(zgry2j0) < (1 — 2,1 — z;r) % Completemove
if Umin = 0then
erl « 0 %Resetherunninglist
Zmin < C.T
¥ —
else
iter < iter + 1
\‘ runninglist < runninglist @ i’ @ j'
erl <+ erl+2
UPDATE_TABU

until vmin = oo Verl > |R.L.|

of 1 second(detailsarethusomitted). The runninglist size
(|R.L.]) is fixedto 4000.

For the next two setsof problems,the running list size
(|R.L.]) is fixedto 100000.Hencethe maximumnumberof
moveswithoutimprovementis 50000.

The secondsetof testedinstancess constitutedof the last
seven (alsothelargestoneswith n =100to 500items,m =
15to 25 constraints)f 24 benchmarkgproposedy Glover
andKochenbeger[Glover andKochenbeger, 1996. These
instancesare known to be particularly difficult to solve for
Brandh & Boundalgorithms. Table 1 shavs a comparison
betweerourresults(columns4 to 7) andthebestknown ones
reportedn [HanafiandFréville, 1994 (columnTxr).

[k | nxm [[Tur || 2* | & [ iter* | sec.* |
18 | 100 x 25 || 4524 || 4528 | 61 3683 10
19 | 100 x 25 3866 3869 | 51 3144 9
20 | 100 x 25 5177 || 5180 | 70 2080 5
21 | 100 x 25 3195 3200 | 42 1465 4
22 | 100 x 25 2521 2523 34 512 2
23 | 200 x 15 9231 9235 | 123 | 16976 131
24 | 500 x 25 9062 9070 | 119 | 9210 268

Table 1:Comparatie resultson the 7 largestck ph

Column k* shows the numberof items of the bestsolu-
tion z* with cost z* found by TSMEP  From the table,
we obsene thatall theresultsareimproved. Columnsiter*
andsec.* give the numberof movesandthetime elapsedo
reachz*. We know thatthe algorithmruns50000movesaf-
ter iter*. The searchprocesgakesthusan averageof 380
seconddor thetestproblemsck 18...Gk 22, 600 secondgor
GK23 and1100secondgor Gk 24.

The third set of test problemsconcernsthe 30 largest
benchmarkgn = 500 items, m = 30 constraints)f OR-



Library®, proposedrecentlyby Chu and Beaslg [Chu and
Beaslg, 1999.

| cB || AGeB || z* | k* | iter™ | sec.” |
30.500.0 115868 115950 | 130 17841 397
30.500.1 114667 114810 | 128 | 104866 2264
30.500.2 116661 116683 | 128 73590 1203
30.500.3 115237 115301 | 128 71820 1587
30.500.4 116353 116435 | 127 75909 1784
30.500.5 115604 115694 | 131 33391 684
30.500.6 113952 114003 | 128 | 107994 | 2851
30.500.7 114199 114213 | 129 87593 1503
30.500.8 115247 115288 | 127 75243 1495
30.500.9 116947 117055 | 129 39044 869
30.500.10 217995 218068 | 251 6828 116
30.500.11 214534 214562 | 251 89201 2478
30.500.12 215854 215903 | 250 60074 1311
30.500.13 217836 217910 | 251 50732 1121
30.500.14 215566 215596 | 251 62524 1262
30.500.15 215762 215842 | 253 34201 633
30.500.16 215772 215838 | 252 54476 1003
30.500.17 216336 216419 | 253 40683 947
30.500.18 217290 217305 | 253 64489 1475
30.500.19 214624 214671 | 252 18531 368
30.500.20 301627 301643 | 375 1298 17
30.500.21 299985 300055 | 374 78278 1532
30.500.22 304995 305028 | 375 64926 1161
30.500.23 301935 302004 | 375 26901 1110
30.500.24 304404 304411 | 376 20483 333
30.500.25 296894 296961 | 374 31403 462
30.500.26 303233 303328 | 373 43398 757
30.500.27 306944 306999 | 376 33810 1366
30.500.28 303057 303080 | 374 17647 350
30.500.29 300460 300532 | 376 6948 150

Table 2:Comparatie resultsonthe 30 largestcs ph

Table 2 comparesur resultswith thosereportedin [Chu
andBeaslg, 1999 (AG¢g), which are amongthe bestre-
sultsfor theseinstances Fromthetable,we seethatour ap-
proachimprovessignificantlyon all theseresults. The aver
agetime of the 50000lastiterationsis equalto 1200seconds
for theseinstances.

Theseresults can be further improved by giving more
CPU time (iterations)to our algorithm. For example,with
|R.L.| = 300000, TSMEP finds z* = 115991 after 6000
seconddor theinstancece30.500.0.

The Chu and Beaslg bentimark contains90 instances
with 500 variables: 30 instanceswith m=5 constraints,30
with m = 10 and 30 with m = 30 (resultsdetailedjust
above). Eachsetof 30 instancess dividedinto 3 serieswith
a=bi/3 5 Aij = 1/4,a = 1/2anda = 3/4. Table
3 comparesfor eachsubsef 10 instancesthe averageof
the bestresultsobtainedby AG ¢ g, thoseobtainedmorere-
cently by Osorio, Glover and Hammer[Osorioet al., 2004
(columns4 and5) andthoseby TSMPX (column6). The
new algorithmof [Osorioet al., 2000 usesadvancedtech-
niguessuchascuttingandsurrogateconstraintanalysis(see
columnFix+Cuts for results). We reproducealsofrom [Os-
orio et al., 2004, in column CPLEX, the bestvaluesob-

®Availableatht t p: / / mscnga. ms. i c. ac. uk.

tainedby the MIP solverCPLEXv6.5.2alone.

| m | a | AGeB | FiX+CutS| CPLEX | z* | gap |
5 1/4 | 120616 120610 120619 | 120623 0.08%
1/2 219503 219504 219506 | 219507 0.04%
3/4 | 302355 | 302361 | 302358 302360 0.02%
10 | 1/4 | 118566 118584 118597 | 118600 0.20%
1/2 217275 217297 217290 | 217298 0.09%
3/4 | 302556 302562 302573 | 302575 0.07%
30 | 1/4 | 115470 115520 115497 | 115547 0.55%
1/2 216187 216180 216151 | 216211 0.24%
3/4 | 302353 302373 302366 | 302404 0.15%

Table 3: Averageperformancever the 90 largestCB ph

The column gap indicatesthe averagegap valuesin per
centagdetweerthecontinuouselaxedoptimumandthebest
costvaluefound: (z—2*)/z. Fiz+cuts andCPLEX algo-
rithmswere stoppedafter 3 hoursof computingor whenthe
treesizememoryof 250M byteswasexceeded Our bestre-
sultswereobtainedwith |R.L.| = 300000 andthe algorithm
neverrequiresnorethan4M bytesof memory Exceptfor the
instancesvith m = 5 anda = 3/4 ourapproactoutperforms
all theotheralgorithms.

To finish the presentationon Chu and Beaslg bench-
marks, Table 4 and5 shov the bestvaluesobtainedby our
algorithmonthe30c¢B5.500 andthe30¢cB10.500 instances.

| XX | z* | k* || XX | z* | k* || XX | z* | k* |
0 | 120134 | 146 || 10 | 218428 | 267 || 20 | 295828 | 383
1 | 117864 | 148 || 11 | 221191 | 265 || 21 | 308083 | 383
2 | 121112 145 || 12 | 217534 | 264 || 22 | 299796 | 385
3 | 120804 | 149 || 13 | 223558 | 264 || 23 | 306478 | 385
4 | 122319 | 147 || 14 | 218966 | 267 || 24 | 300342 | 385
5 | 122024 | 153 || 15 | 220530 | 262 || 25 | 302561 | 384
6 | 119127 | 145 || 16 | 219989 | 266 || 26 | 301329 | 385
7 | 120568 | 150 || 17 | 218194 | 266 || 27 | 306454 | 383
8 | 121575 | 148 || 18 | 216976 | 262 || 28 | 302822 | 382
9 | 120707 | 151 || 19 | 219704 | 267 || 29 | 299904 | 379
Table 4: Bestvaluesfor cB5.500.x X
| XX | z* | k* || XX | z* | k* || XX | z* | k* |
0 | 1127779 ] 134 || 10 | 217343 256 || 20 | 304351 | 378
1 | 119190 | 134 || 11 | 219036 | 259 || 21 | 302333 | 380
2 | 119194 135 || 12 | 217797 | 256 || 22 | 302408 | 379
3 | 118813 | 137 || 13 | 216836 | 258 || 23 | 300757 | 378
4 | 116462 | 134 || 14 | 213859 | 256 || 24 | 304344 | 381
5 | 119504 | 137 || 15 | 215034 | 257 || 25 | 301754 | 375
6 | 119782 | 139 || 16 | 217903 | 261 || 26 | 304949 | 378
7 | 118307 | 135 || 17 | 219965 | 256 || 27 | 296441 | 379
8 | 117781 | 136 || 18 | 214341 258 || 28 | 301331 | 379
9 | 119186 | 138 || 19 | 220865 | 255 || 29 | 307078 | 378

Table 5: Bestvaluesfor cB10.500.X X

To conclude this section, we presentour results on
the 11 latest instancesproposedvery recently by Glover
and Kochenbeger (available at: http://hces. bus.
ol em ss. edu/tool s. ht M .) Thesebenchmarkson-
tain up to n=2500 items and m=100 constraints,thus are
very large. Table 6 comparesour results(columns4 and5)
and the bestknown resultstaken from the above web site.
Onceagain,our approactgivesimprovedsolutionsfor 9 out
of 11 instances Let us mentionthat the experimentatioron



theseinstanceshoved somelimits of our approachregard-
ing thecomputingtime for solvingsomevery largeinstances
(n > 1000). Indeed,given the size of our neighborhood
(k x (n — k), seeSection5.3), up to 3 dayswere needed
to getthereportedvalues.

| MK_GK | nXxm || 26K || z* | k" | gap |
01 100 x 15 3766 3766 52 | 0.26%
02 100 x 25 3958 3958 50 | 0.46%
03 150 x 25 5650 5656 78 | 0.26%
04 150 x 50 5764 5767 78 | 0.46%
05 200 x 25 7557 7560 104 | 0.23%
06 200 x 50 7672 7677 99 | 0.34%
o7 500 x 25 19215 19220 259 | 0.06%
08 500 x 50 18801 18806 252 | 0.13%
09 1500 x 25 58085 58087 773 | 0.02%
10 1500 x 50 57292 57295 770 | 0.04%
11 2500 x 100 95231 95237 | 1271 | 0.04%

Table 6: Comparisoronthelastestl1 MK_GK ph

7 Conclusion

In this paper we have presented hybrid approacHor tack-
ling the NP-hard 0—1 multidimensionalknapsackproblem
(MKPO01). The proposedapproachcombinedinear progam-
ming and Taku Search.The basicideaconsistsin obtaining
"promising" continuousoptimaandthenusing TS to explore
carefully and efficiently binary areascloseto thesecontinu-
ousoptima. This is carriedout by introducingseveral addi-
tional constraints:

1. hyperplaneconstrainty_}' z; = k € IN;
2. geometricatonstraintiz, Zjx)| < dmaz;
3. qualitative constraintic.z > zpmin.

Our Taku Searchalgorithmintegratesalsosomeadvanced
featuressuch as an efficient implementationof the reverse
elimination methodfor a dynamictahu list managemenin
the context of aspecial2-change move.

This hybrid approachhasbeentestedon more than 100
state-of-the-atbenchmarknstancesandhasledto improved
solutionsfor mostof the testednstances.

Oneincornvenienceof theproposedipproacthis its comput-
ing timefor verylargeinstancegn > 1000items). Thisis par
tially dueto the time compleity of the neighborhoodused.
Despiteof this, this study constitutesa promising starting
pointfor designingmoreefficient algorithmsfor the MKPO1.
Somepossibilitiesare: 1) to develop a partial evaluationof
relaxed knapsackconstraints?) to study more preciselythe
relationshigbetweers,,, ., andz°P¢ for agiveninstance3) to
find a good crosswer operatoranda cooperatie distributed
implementatiorof the T'SMXP algorithm.

Finally, we hope the basic idea behind the proposed
approachmaybeexploredto tackleotherNP-hardproblems.

Acknowledgement: We would lik e to thankthereviewersof
the paperfor their usefulcomments.
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